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“All truths are easy to understand once they are discovered; the point is to discover them.”

– Galileo Galilei

“In Schottky we fought, in Onsager we trust.”

– Guillaume Gervais
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Abstract

Bismuth is one of the oldest metals known to human kind and one of the most

extensively studied materials. It is often called a “wonder” material due to the many

significant discoveries made in bulk bismuth, including diamagnetism, quantum oscil-

lations, thermoelectric effects and quantum confinement effects. Even in the era of low

dimensional materials, bismuth continues to spark interest among scientists. Notably,

there are substantial evidences that bismuthene, the two-dimensional limit of bismuth,

is a higher order topological insulator and acts as a superconductor below a critical tem-

perature of Tc ≈ 0.5 mK.

In solid-state physics, the Hall effect family has also been extensively studied and

continues to be an active area of research. Among its many variants, the anomalous

Hall effect (AHE) remains controversial even after 150 years of investigation. It is only

with the recent understanding of Berry curvature have the differentmechanisms become

less obscure, and we now have a better picture of the three mechanisms at play — the

intrinsic, skew scattering and side-jump mechanisms. Despite the specific mechanism

involved, breaking time-reversal symmetry (TRS) remains a necessary condition for the

AHE to occur, and as such, one would least expect diamagnetic bismuth to exhibit the

AHE since broken TRS typically occurs in ferromagnetic systems.

In this thesis, we developed a novel mechanical exfoliation method to isolate thin

bismuth flakes down to 2 nm. Using this technique, we fabricated thin bismuth devices

with thicknesses ranging from 29 to 69 nm, where we unambiguously observed the

anomalous Hall effect accompanied by a longitudinal resistance with no magnetoresis-
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tance up to ±30T. Most notably, these behaviors exhibit negligible temperature depen-

dence between 15 mK and 300 K, and this lack of temperature dependence suggests that

the hidden mechanism for broken TRS in thin bismuth leading to the observed AHE,

is indeed intrinsic.
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Abrégé

Le bismuth est l’un des métaux les plus anciens connus par l’humanité et l’un

des matériaux les plus étudiés. Il est souvent appelé un matériau “miracle” en raison

des nombreuses découvertes significatives faites dans le bismuth, y compris le diamag-

nétisme, les oscillations quantiques, les effets thermoélectriques et les effets de confine-

ment quantique. Même à l’ère des matériaux de basse dimension, le bismuth continue

de susciter l’intérêt des scientifiques. Notamment, il existe des évidences substantielles

que le bismuthène, la forme bidimensionnelle du bismuth, est un isolant topologique

de haut ordre et agit comme un supraconducteur en dessous d’une température critique

de Tc ≈ 0, 5 mK.

Dans un autre ordre d’idée, en physique de l’état solide, la famille des effets Hall

a également été largement étudiée et reste un domaine de recherche actif. Parmi ses

nombreux types, l’effet Hall anormal reste disputé même après 150 ans d’investigation.

Ce n’est qu’avec la compréhension récente de la courbure de Berry que les différents

mécanismes sont devenus moins obscurs, et nous avons maintenant une meilleure idée

des trois mécanismes en jeu : le mécanisme intrinsèque, la diffusion et le «side-jump».

Quel que soit le mécanisme impliqué, la rupture de la symétrie par renversement du

temps reste une condition nécessaire pour que l’effet Hall anormal se produise. Ainsi,

on ne s’attendrait pas nécessairement à retrouver l’effet Hall anormal dans le bismuth

qui est un matériau diamagnétique, car la rupture de la symétrie par renversement du

temps se produit généralement dans des systèmes ferromagnétiques.

Dans cette thèse, nous avons développé une nouvelle méthode d’exfoliation mé-
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canique pour isoler des couches minces de bismuth jusqu’à une épaisseur de 2 nm. En

utilisant cette technique, nous avons fabriqué des dispositifs de bismuth avec des épais-

seurs moyennes allant de 29 à 69 nm, où nous avons observé sans ambiguïté l’effet Hall

anormal accompagné d’une résistance longitudinale sans magnétorésistance jusqu’à±30

T. Notamment, ces comportements varient de façon négligeable selon la température

dans une intervalle entre 15 mK et 300 K. Cette absence de dépendance en température

implique que le mécanisme de rupture de la symétrie par renversement du temps dans

le bismuth qui engendre l’effet Hall anormal observé, est effectivement intrinsèque.
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1
Introduction

1.1 Introduction

Two central ideas of the Scientific Revolution during the Renaissance laid the foun-

dation for modern science. The first is the use of mathematics to describe physical

phenomena, epitomized by Galileo’s famous quote: “The book of nature is written in

the language of mathematics”, and further emphasized by Eugene Wigner’s 1960 arti-

cle, “The Unreasonable Effectiveness of Mathematics in the Natural Sciences”. Equally

crucial is the shift toward diligent experimentation, which marked a departure from the

speculative natural philosophy of the ancient world. This rigorous empirical approach

has been fundamental to countless scientific discoveries, shaping the course of modern

science.

Arguably just as important to science are perseverance and the pursuit of curiosity—
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Chapter 1. Introduction

qualities I have learned extensively from both of my supervisors. While I couldmotivate

this project by listing the exciting properties of bismuth and why it is considered a

“wonder material”, I will reserve that discussion for Chapter 2. The reality is that, even

before I joined the lab, Guillaume and Thomas had already collaborated on identifying

their next “big” project. At that time, phosphorene had just been exfoliated, prompting

them to examine the remaining group V elements, with bismuth emerging as the last

frontier — an element that is heavy, radioactively stable, and relatively unexplored in

the two-dimensional world. When asked about the motivation to research on bismuth,

Guillaume’s answer is simply, “Why not”? This same spirit of curiosity and this urge

to explore are what drove me to physics in the first place.

Strictly speaking, there were goals: fabricating transport devices from the thinnest

possible bismuth flakes, and measuring them. This thesis condenses that journey and

its exciting findings into a short diary.

1.2 Thesis Outline

First, the theory and the background are introduced in Chapter 2, where the “won-

der material” bismuth and the anomalous Hall effect are discussed along some basics

on transport measurement. Three manuscript chapters follow. Chapter 3 presents the

novel mechanical exfoliation technique utilizing micro-trenches. Chapter 4 gives the

first important finding, an emergence of the anomalous Hall effect in bismuth along

with a surprising absence of any magnetoresistance. Finally, Chapter 5 demonstrates

that this anomalous Hall effect is temperature independent, but also increases the range

of investigated magentic fields to ±30 T for both the Hall and longitudinal signals. The

Supplemental Materials for these published articles are added to the appendices. Fur-

ther, Chapter 6 expands on the discussion for all three manuscripts before the thesis is

concluded in Chapter 7.

2



2
Theory and Background

This chapter provides the essential background information necessary for under-

standing the subsequent chapters of this thesis. It is divided into three sections. The first

section presents a brief history and highlights the key properties of bismuth, which is

central to this project. This background explains the rationale for researching bismuth

which led to our discovery of the anomalous Hall effect in thin bismuth. The sec-

ond section reviews the anomalous Hall effect and its quantized version, the quantum

anomalous Hall effect. Finally, the third section covers transport measurements, includ-

ing the renowned Onsager reciprocity theorem, as these are crucial for interpreting the

results presented in this project.
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2.1 Bismuth

2.1.1 History

Bismuth has been known since ancient times due to its natural occurrence in el-

emental form. Its silvery-white appearance likely inspired its name, derived from the

German term wismut, meaning “weiße Masse" or “white mass", or possibly from blei-

weiss, meaning “white lead” [1]. It was frequently mistaken for tin or lead because of

their similar appearance and metallurgical properties until the French chemist Claude

François Geoffroy clarified the differences in the 18th century.

Scientifically, bismuth is notable for being the first material in which many phys-

ical phenomena were discovered. As the most diamagnetic material found in nature,

bismuth was observed by Anton Brugmans to be slightly repelled by a magnet. Fur-

ther experimentation by Michael Faraday revealed that this repulsion is a fundamental

property of matter, leading him to coin the term “diamagnetism” in 1845 [2]. Unlike

other metals, bismuth exhibits very low thermal conductivity and a high Hall coeffi-

cient, resulting in an exceptionally high Ettingshausen coefficient (∼ 10−4 m·K/(T·A))

that is many orders of magnitude greater than that of metals like copper, silver, and gold

(∼ 10−16 m·K/(T·A)) [3]. This distinctive property led Albert von Ettingshausen and

Walther Nernst to discover the Nernst-Ettingshausen effect in 1886, following their ac-

cidental observation of a temperature gradient when they heated one side of a bismuth

sample.

Bismuth is also renowned for its remarkable electronic transport properties. In

1928, Peter Kapitza, through studying bulk bismuth, formulated his famous law of mag-

netoresistance. In 1930, after the brief four-year collaboration with Wander Johannes

de Haas, Lev Shubnikov discovered that the longitudinal resistance of low-impurity bis-

muth crystals exhibited magnetic oscillations, now known as the Shubnikov-de Haas

(SdH) effect which is a precursor to the quantum Hall effect. Shortly after this dis-

covery in 1930, de Haas, along with his student Pieter M. van Alphen, was inspired to
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further investigate the magnetic susceptibility of bismuth, leading to the discovery of

the de Haas-van Alphen effect in the same year.

These physical phenomena are just some examples of the effects first discovered in

bismuth. This certainly makes bismuth a remarkable material, with some even refer-

ring to it as a “wonder material” due to the insights gained from its unusual properties,

including low carrier densities, small effective mass, high mobilities, and long free paths.

2.1.2 Renaissance

Towards the end of the 20th century, bismuth in its elemental form lost some of

its trend, giving way to a focus on bismuth-based compounds. For example, bismuth

selenide, Bi2Se3, was shown to be an intrinsic topological insulator [4], leading to its

increased popularity among physicists and engineers. However, there has been a recent

resurgence of research into elemental bismuth.

A major advancement in material science and solid-state physics in the 21st century

was the successful isolation of graphene, a material consisting of a single atomic layer

of carbon. This achievement was recognized with the Nobel Prize in 2010, awarded

to Andre Geim and Konstantin Novoselov, marking the beginning of a new era for

two-dimensional materials. Since then, scientists have sought to exfoliate or grow other

materials in their two-dimensional forms. A logical avenue of exploration has been the

group V elements in the periodic table, which share a similar hexagonal structure to

graphene but with varying degrees of buckling. Phosphorene, the single-layer form of

black phosphorus, was successfully exfoliated in 2014 [5,6]. However, as wemove down

the group V elements, the interlayer bonds become stronger making traditional exfoli-

ation methods challenging, and to date, clean mechanical exfoliation of bismuthene has

not yet been possible.

Despite these challenges, F. Reis et al. successfully grew bismuthene on a SiC sub-

strate using molecular beam epitaxy in 2017 [7], demonstrating its potential as a can-

didate for realizing the quantum spin Hall effect. Along with efforts from different
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research groups across the globe, this rekindled interest in elemental bismuth by high-

lighting its promising physical properties in thin layers. Notably, it was later shown

that bismuth is a higher-order topological insulator [8, 9] and exhibits superconductiv-

ity [10]. Nevertheless, many aspects of its electronic transport properties in its lower-

dimensional forms remain unexplored and await to be unraveled. This is precisely the

focus of my doctoral thesis project which led to the discovery of the anomalous Hall

effect in thin bismuth despite ambiguous evidence has been reported in the bulk in 2021.

These above-mentioned key discoveries are summarized in Fig. 2.1.

Figure 2.1: The time line for the key discoveries made with bismuth.

2.1.3 Bulk Electronic Band Structure

As for any other material, the point of departure for the description of band struc-

ture would be the crystal structure. For bulk bismuth, we adopt the convention of

a rhombohedral Bravais lattice with two atoms per unit cell, as illustrated in Fig. 2.2.

The unit cell is shaded in gray, and the trigonal axis perpendicular to the (111) plane

is clearly indicated. Note that the bismuth atom in the center has three equidistant

nearest neighboring atoms and three equidistant atoms that are slightly further. This

arrangement gives the buckled hexagonal structure on the (111) surface, which will be

discussed further in Section 2.1.5.
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Trigonal

Figure 2.2: The rhombohedral crystal structure of bulk bismuth. The shaded area rep-
resents the unit cell containing two atoms.

The tight-binding and first-principle calculations of the electronic band structure,

along with the Brillouin zone of bulk bismuth, are presented in Fig. 2.3. Given that

bismuth is a heavy element with high spin-orbit coupling [11], this interaction is taken

into account for these calculations which are also in good agreement with experimental

results [12]. As shown in Fig. 2.3, it can be observed that the Fermi level crosses the p

bands near the L and T points, leading to electron and hole pockets, respectively. This

confirms the semimetallic nature of bulk bismuth, with shallow pockets having Fermi

energies of 27.2 meV and 10.8 meV for electrons and holes [13], respectively. Conse-

quently, bismuth exhibits a low carrier density of ∼ 3 × 1017cm−3, and the effective

mass of electrons along the trigonal axis is only approximately 0.003me withme being

the electron mass.

2.1.4 Quantum Confinement

As mentioned in the previous section, charge carriers in the (111) plane of bismuth

have a low effective mass and small Fermi energy. This results in the carriers having a

long de Broglie wavelength λB that is on the order of 120 Å. This has significant impli-

cations for bismuth thin films grown in the (111) direction. When the film thickness

approaches λB, charge carriers become confined, leading to substantial interference ef-
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Figure 2.3: a. The corresponding electronic band structure according to tight-binding
calculation (green) and first-principle calculation (red). b. Brillouin zone of bulk bis-
muth with depiction of the Fermi surface. The Γ-T line which corresponds to the
trigonal or (111) surface is also shown. Both figures are reproduced with permission
from Reference [12].

fects and the onset of quantization. These quantum confinement effects were predicted

by Ogrin et al. [14], who argued that bismuth thin films grown in the (111) direction

would be ideal for observing these phenomena due to their long λB and long mean free

path on the order of couple of millimeters, which is crucial for interference effects [14].

Indeed, the long de Broglie wavelength minimizes the impact of surface imperfections

and height variations, and oscillations in the transport properties of bismuth thin films

have been observed when the film thickness is reduced to around 30 to 40 nm.

If the bulk band structure shown in Fig. 2.3 remains similar in thin films, reducing

the film thickness could shift the electron energies at the L-point above the hole ener-

gies at the T -point. This would result in the creation of a small band gap, effectively

turning bismuth into a semiconductor — a phenomenon known as the semimetal-to-

semiconductor (SMSC) transition. Lutskii [15] and Sandomirskii [16] predicted that

the critical thickness for this effect to occur is around 30 nm. Despite many efforts to

confirm the SMSC transition, it has not yet been clearly observed. This is partly the
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original goal of this thesis project which is to explore the SMSC transition through the

mechanical exfoliation of bismuth thin films, in contrast to previous studies that focused

on grown films.

2.1.5 Surface Electronic Band Structure

The lack of success in studying the SMSC transition in bismuth thin films can be

attributed to the significant changes in the surface electronic band structure of bismuth

compared to its bulk counterpart [12]. While bismuth has several surfaces, this section

will focus solely on the (111) surface, which is the most relevant. The (111) direction is

crucial because it has the weakest interlayer bonds, making it the natural cleavage plane.

Additionally, the epitaxial growth of thin bismuth films predominantly occurs in the

(111) direction. A schematic of the (111) direction bilayers are shown in Fig. 2.4.

Figure 2.4: Layered bismuth crystal: a. top view of (111) and b. its side view, equiv-
alent to (11̄0). Note that different color shadings are used to highlight the buckled
honeycomb structure.

The electronic band structure of the (111) bismuth surface has been extensively

studied and measured using angle-resolved photoemission spectroscopy (ARPES). The

detailed findings of these studies are well documented [12], but the key conclusion is

that the surface band structure differs significantly from the bulk. Notably, the surface

states exhibit much more metallic behavior compared to the semimetallic nature of the

bulk. This is surprising, given that the (111) surface geometry of bismuth remains

largely unchanged and does not involve any dangling bonds. In fact, due to the weak

interaction between bismuth bilayers in the (111) direction, the surface can be viewed

as a separation between two bilayers, and thus one does not expect the surface band
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structure to change substantially.

Through careful analysis of ARPES data, alongwith first-principle and tight-binding

model calculations, it was revealed that the significant deviation between the bulk and

surface band structures is due to the breaking of inversion symmetry at the surface

and the strong spin-orbit interaction due to its high atomic mass, which leads to spin-

splitting of the surface state bands [12]. These resulting metallic surface states become

increasingly important as the film thickness is reduced, competing with quantum con-

finement effects. Consequently, this competition hinders the clear identification of the

SMSC transition [12].

2.1.6 Transport Properties

The electrons and holes in bulk bismuth have been extensively studied, and it is

now well understood that there are three electron valleys at the L-point and one hole

valley at the T -point [17]. As a result, studying the transport properties of bulk bismuth

necessitates a multi-carrier analysis for multi-valley systems. Interestingly, research on

magnetoresistance in bulk bismuth even dates back to Kapitza, and it was through the

study of bismuth that he uncovered what is now known as Kapitza’s law of magnetore-

sistance [18].

Using a semiclassical approach, one can derive that the conductivity tensor σ̂ for a

single valley, single carrier system is, in the case of electrons,

σ̂(B) =
ne

1 + µxµyB2

 µx −µxµyB

µxµyB µy

 , (2.1)

where n is the charge carrier density, e is the elementary charge, µx and µy are the

anisotropic mobilities parallel or perpendicular to the current direction, and B is the

magnetic field perpendicular to the sample. Using tensor inversion, we can then calcu-
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late the resistivity tensor ρ̂ that is given by

ρ̂(B) =
1

neµxµy

 µy µxµyB

−µxµyB µx

 , (2.2)

where we find the trivial Hall resistivity ρxy =
B

ne
and that the longitudinal resistivity

is independent of the perpendicular field.

Equation (2.1) can be modified for holes by defining a hole carrier density p and

the hole mobilities νx and νy. The electron and hole conductivities can then be added

to obtain the total conductivity

σ̂total(B) = σ̂electron(B) + σ̂hole(B).

Omitting the detailed derivation for the tensor inversion, we present the key results

from the calculationwhich implies that, at highmagnetic field, the longitudinal andHall

resistivities are respectively given by [19]

ρxx(B) ' 1

e

(
n
µy

+ p
νy

)
B2(

n
µy

+ p
νy

)2

+ (n− p)2B2

, (2.3)

and ρxy(B) ' B

e

(n− p)B2(
n
µy

+ p
νy

)2

+ (n− p)2B2

. (2.4)

Hence, the transport behavior can be classified into two scenarios. When n 6= p,

we can define a characteristic field

B? =
nνy + pµy
|n− p|µyνy

. (2.5)

Above this critical field where B � B?, Eqs. (2.3) and (2.4) dictate that ρxx would

become saturated while ρxy would scale linearly withB with a slope of
1

(n− p)e
. In bis-

muth, however, it turns out that the hole and electron densities are nearly identical, and
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when n = p, Eq. (2.3) shows that ρxx would never saturate at high fields and continue

to scale quadratically with B. This quadratic behavior remains valid even when consid-

ering a multi-valley, multi-carrier system [19]. It is important to note that, while the

bulk electronic transport in bismuth is well understood, to date the surface transport

properties are still being actively investigated.

2.1.7 Summary

Bismuth, one of the oldest metals known to human kind and one of the most exten-

sively studied materials, led to many key discoveries in the history of solid-state physics.

In its bulk form, bismuth has electron charge carriers with three valleys at the L-point

and single-valley hole carriers at the T -point, and their transport is characterized by aB2

dependence in the magnetoresistance. Bismuth thin films are an excellent platform for

investigating quantum confinement effects including the SMSC transition. The latter,

however, has not been clearly identified and remains controversial. It later became clear

that the surface band structure differs significantly from the bulk, is highly metallic,

and competes with confinement effects. Even as one of the best understood materials,

bismuth continues to be actively researched today.

I would like to conclude this section by reemphasizing a key feature of bismuth. As

one of the heaviest elements on the periodic table, it was long thought that bismuth is

the highest atomic mass atom that is radioactively stable1. With such a high Z number,

bismuth exhibits one of the highest spin-orbit couplings among all materials. This spin-

orbit interaction is especially important in order to understand its surface band structure

and was a key factor in elucidating the anomalously large diamagnetism observed in

bismuth, which has puzzled physicists for decades [18]. Diamagnetism implies that

bismuthmust preserve time-reversal symmetry, and thus one would not expect bismuth

to manifest the anomalous Hall effect typically found in ferromagnets, a phenomenon

discussed in the following section.
1Interestingly, the half-life of its decay is about a billion times the age of the universe.
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2.2 Anomalous Hall Effect

2.2.1 History

Ever since EdwinHall’s discovery of the ordinary Hall effect in 1879 [20], the study

of transport properties in the presence of a magnetic field has evolved into a rich and on-

going fieldwithin solid-state physics. This family ofHall effects has remained vibrant for

nearly 150 years, contributing tomultiple Nobel Prizes, including those awarded for the

integer quantum Hall effect (IQHE) and the fractional quantum Hall effect (FQHE).

In 2016, the Nobel Prize in Physics was awarded to D. J. Thouless, F. D. M. Haldane,

and J. M. Kosterlitz for their groundbreaking work on topological phase transitions and

topological phases of matter, inspired by different types of quantum Hall effects. For

these reasons, the ordinary Hall effect is often referred to as the “Queen” of solid-state

physics [21].

In 1880, just a year after discovering the ordinary Hall effect, Edwin Hall observed

that ferromagnetic materials responded to magnetic fields much more strongly than

non-ferromagnetic materials, leading to what is now known as the anomalous Hall ef-

fect. While the ordinary Hall effect was quickly explained by the Lorentz force, the

anomalous Hall effect proved more challenging to understand, as it appeared to depend

on the specific materials being studied. Empirically, it was determined that the Hall

resistivity follows the equation

ρxy = R0Hz +RsMz, (2.6)

where R0 is the ordinary Hall coefficient, Hz is the magnetic field perpendicular to the

sample, Mz is the spontaneous magnetization and Rs is the coefficient for the anoma-

lous Hall effect. Despite this empirical formula, the theoretical understanding of the

second term in Eq. (2.6) was debated for over a century. Only with recent advances

in topology and geometry, particularly the concept of Berry curvature [22], has the

theory of the anomalous Hall effect become better established. However, even today,
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our understanding of the anomalous Hall effect is still not complete. In Fig. 2.5a and b,

we illustrate the ordinary Hall effect and the anomalous Hall effect, showing the sharp

increase in ρxy at low fields, and finally in Fig. 2.5c the hysteresis loop for the AHE is

sketched.

Figure 2.5: a. The ordinary Hall effect. b. The anomalous Hall effect described by the
empiric equation mentioned in Eq. (2.6). c. The hysteresis loop for the anomalous Hall
effect. All figures are reproduced with permission from Reference [23].

It is now understood that there are two types of contributions to the anomalous

Hall effect. The intrinsic contribution, first formulated by Karplus and Luttinger (KL

theory) in 1954 [24], is a consequence of the band structure where the electrons acquire

an “anomalous” group velocity perpendicular to the applied electric field. This only

depends on the crystal’s Hamiltonian and is now understood in terms of the Berry cur-

vature. The extrinsic contributions are scattering-based and involve two mechanisms:

the skew scattering mechanism, proposed by J. Smit in 1955, which is due to the ef-

fective spin-orbit coupling of the electron or the impurity [25, 26], and the side-jump

mechanism proposed by L. Berger in 1970, caused by the scattering of quasi-particles

from spin-orbit coupled impurities [27].

In this section, we will discuss the different mechanisms of the anomalous Hall

effect and how they are studied experimentally. Finally, since the intrinsic anomalous

Hall effect is a precursor to the quantum anomalous Hall effect, the latter will also be

briefly discussed.
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2.2.2 Intrinsic Mechanism

R. Karplus and J. M. Luttinger were the first to propose a theory explaining the

second term of Eq. (2.6) [24]. In order to include the effect of magnetic order, they

expressed the total Hamiltonian as

Htotal = H0 +HSOI +HE, (2.7)

where H0 = p2/2m + V (~r) is the crystal’s Hamiltonian, HE = −e ~E · ~r is the Hamil-

tonian for electrons in an external electric field, and finally the Hamiltonian due to

spin-orbit interaction is

HSOI =
1

4m2c2

( ~M ×∇V ) · ~p
M0

(2.8)

provided that the electrons are polarized in the direction of the magnetization. Note

thatm is the mass of electron, c is the speed of light, ~M is the magnetic moment, V is the

potential, ~p is the momentum andM0 is the magnitude of saturated magnetic moment.

The total Hamiltonian given by Eq. (2.7) effectively describes the systemwith spin-orbit

interaction as well as magnetic order.

Letting
∣∣∣n,~k〉 be the eigenstates for H0 + HSOI , then the matrix elements of HE

can be written as

〈
n,~k
∣∣∣HE

∣∣∣n′, ~k′〉 = −eE
〈
n,~k
∣∣∣ r ∣∣∣n′, ~k′〉 ,〈

n,~k
∣∣∣HE

∣∣∣n′, ~k′〉 = −eE
(
iδn,n′

∂

∂kb
δ~k,~k′ + iδ~k,~k′J

n,n′

b (~k)

)
, (2.9)

where

Jn,n
′

b (~k) =

∫
Ω

dV u∗
n,~k

(~r)
∂

∂kb
un′,~k(~r) (2.10)

is integrated over the entire crystal volume and u(~r) is the periodic function found in

the Bloch solution. We denote HE = Hr
E + Ha

E for the two terms found in Eq. (2.9).

The first term,Hr
E , is a regular periodic function, and hence is absorbed intoH0 +HSOI
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as a perturbation. Consequently, the total Hamiltonian defined previously in Eq. (2.7)

becomes

HT = (H0 +HSOI +Hr
E) +Ha

E ≡ Hp +Ha
E, (2.11)

where Ha
E represents the second term in Eq. (2.9). The density matrix is then written

as

ρ = ρ0(Hp) + ρ1, (2.12)

where ρ0(Hp) is the finite-temperature equilibrium density matrix, and ρ1 is the correc-

tion which yields only the ordinary conductivity [21, 24]. The term ρ0(Hp) gives rise

to the AHE, and by evaluating the average “anomalous” velocity, one finds

vavg = Tr[ρ0va] = −ieE
∑
n,~k

[
∂

∂εn,~k
ρ0(εn,~k)

]
vn(~k)Jn,na (~k), (2.13)

where εn,~k is the energy and vn(~k) is the velocity.

If the spin-orbit interaction energy is much less than the Fermi energy, HSO � εF ,

as is in the d-bands [24], then Eq. (2.8) implies that the AHE response is linear in | ~M |

which is consistent with the empiric equation found in Eq. (2.6). Importantly, in this

case, Karplus and Luttinger found that Eq. (2.13) can be expressed as a vector equation

~vavg = − eE

m∆2

∑
n,~k

[
∂

∂εn,~k
ρ0(εn,~k)

]
vn(~k)~Fn,~k, (2.14)

where ∆ is the average interband energy separation and ~Fn,~k = i
〈
n,~k
∣∣∣ [HSOI , ~p ]

∣∣∣n,~k〉
is the force. Finally, from this Karplus and Luttinger derived that

Rs =
2e2HSO

m∆2
δ
〈 m
m∗

〉
ρ2, (2.15)

where δ is the number of incomplete d-bands,m∗ is the effective mass and ρ is the resis-

tivity. In particular, this shows that the anomalous Hall term in Eq. (2.6) can be viewed

as a consequence of nothing more than the intrinsic nature of the crystal structure. This
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was controversial at the time since all scattering and impurity effects were neglected, and

this will be discussed in Section 2.2.3.

Many electronic properties can now be understood through the recently developed

concept of Berry curvature [22, 28]. Notably, it can be shown that the anomalous ve-

locity vector for the n-th band in Eq. (2.14) can be written as [28]

~vn(~k) = − e
~
~E × ~Ωn(~k), (2.16)

where
~Ωn(~k) = i

〈
∇un(~k)

∣∣∣× ∣∣∣∇un(~k)
〉

(2.17)

is the Berry curvature of the n-th band. This Berry curvature has important conse-

quences to the electronic properties of materials and is complementary to the semi-

classical framework of electron transport. Intuitively, the Berry curvature can be viewed

as a magnetic field in the parameter space, and when it is integrated over a closed sur-

face, it gives rise to quantized Chern numbers that captures the topology of the system,

which, in turn, are responsible to the widely known quantum Hall phenomenon [28].

This reconciliation between Eq. (2.14) and Eq. (2.16) expands upon the original

theory proposed by Karplus and Luttinger. In particular, the Hall conductivity,

σxy =
e2

~

∫
d~k

(2π)d
f(ε~k)Ωkx,ky , (2.18)

with f(ε~k) as the Fermi-Dirac distribution and d as the dimensionality of the system,

can be viewed as an unquantized version of the quantum Hall effect, which is obtained

by simply applying Eq. (2.16) to a two-dimensional band insulator. The latter yields

σxy =
e2

2πh

∫
d~kΩkx,ky ,

where the integration is over the Brillouin zone and gives only integer (Chern number)

multiples of 2π. Thus, the intrinsic anomalous Hall effect can be considered an unquan-

tized version, or a precursor, to the quantum anomalous Hall effect as we will further
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discuss in Section 2.2.5.

Interestingly, the reformulation of the intrinsic AHE mechanism in terms of Berry

curvature also facilitates symmetry analyses. Under time reversal, ~vn 7→ −~vn and ~k 7→

−~k. Under spatial inversion symmetry, we would have additionally ~E 7→ − ~E. From

Eq. (2.16), these allow us to obtain

~Ωn(−~k) = −~Ωn(~k) (Time reversal)

and ~Ωn(−~k) = ~Ωn(~k). (Spatial inversion)

Together, it is obvious that the Berry curvature is zero whenever a system preserves

both time-reversal symmetry and spatial inversion symmetry. On the other hand, if

either of these symmetries is broken, the use of Eq. (2.16) becomes necessary to analyze

the system [28].

2.2.3 Extrinsic Mechanisms

As previously mentioned, a significant limitation of the intrinsic mechanism is that

it completely ignores the effects of scattering, focusing solely on the perfect crystal

Hamiltonian. However, experiments have shown that the AHE can also occur in di-

lute Kondo systems, where magnetic impurities like Fe, Mn, or Cr are doped into a

non-magnetic host such as Au or Cu [21], and therefore scattering effects should be

relevant to the anomalous Hall effect. Furthermore, Eq. (2.15) from the KL theory

suggests that the anomalous Hall resistivity ρxy would scale with ρ2, whereas the skew

scattering mechanism proposed by Smit predicts ρxy ∝ ρ, which aligns with numerous

experimental observations [21]. Throughout the latter half of the 20th century, exten-

sive studies on the AHE were conducted across various systems, yet the debate over

whether the AHE arises from a scattering-independent mechanism or extrinsic mecha-

nisms remained unresolved. In this section, these scattering-dependent mechanisms will

be discussed.

Semiclassically, the Boltzmann transport equation for the electron distribution f(~r,~k)
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is
∂f

∂t
+ ~v · ∂f

∂~r
+

1

~
~F · ∂f

∂~k
=

(
∂f

∂t

)
collision

, (2.19)

where t is the time, ~r is the position, ~v is the velocity, ~k is the momentum, and ~F =

−e
(
~E +

~v

c
× ~H

)
is the Lorentz force. The collision term

(
∂f

∂t

)
collision

is related to

the transition probabilityW~k→~k′ between two states ~k and ~k′. Specifically, we have

(
∂f

∂t

)
collision

=
∑
~k′

[
W~k′→~kf(~k′)(1− f(~k))−W~k→~k′f(~k)(1− f(~k′))

]
. (2.20)

According to Fermi’s golden-rule, the transition probabilities are symmetric since

W~k′→~k =
2π

~

∣∣∣〈~k∣∣∣V ∣∣∣~k′〉∣∣∣2δ(E~k − E~k′) = W~k→~k′ ,

where V is the perturbation inducing the transition. However, if spin-orbit interaction

is included, then the scattering would depend on the direction of the magnetization.

Notably, the asymmetric part (hence the name skew scattering) of the transition proba-

bility is

WA
~k→~k′ = − 1

τA
~k × ~k′ · ~Ms, (2.21)

where τA is the transport lifetime and ~Ms is the spontaneous magnetization. It can be

observed from Eq. (2.21) that the scattered carrier has a momentum ~k′ perpendicular

to both the original momentum ~k and the magnetization ~Ms, leading to a transverse

current proportional to the longitudinal current. As a result, both conductivities should

be proportional to the transport lifetime and therefore proportional to the longitudinal

resistivity, i.e. σxy ∝ τ ∝ ρ−1 and σxx ∝ τ ∝ ρ−1. Importantly, because the Hall

resistivity is related to the conductivity via tensor inversion, we have ρxy ' σxyρ
2 ∝ ρ,

thus confirming the scaling mentioned previously.

Smit also investigated other potential contributions to the anomalous Hall effect. In

particular, he examined how a Gaussian wave packet would scatter off a spherical impu-

rity in the presence of spin-orbit interactions [26]. This analysis predicted a transverse
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anomalous velocity due to an external field. However, Smit argued that this extrinsic

contribution would cancel out the intrinsic contribution, and as such it was rejected by

Smit. Today, we know that this is not the case in materials with more complex band

structures [21, 29].

In 1964, L. Berger reintroduced this term and called it the side-jumpmechanism [27,

30]. Taking the spherical potential for the impurity as [21]

V (r) =


~2

2m
(k2 − k′2) r < R

0 r ≥ R

(2.22)

and the spin-orbit term

HSOI =
1

2m2c2

(
1

r

)
∂V

∂r
SzLz, (2.23)

where ~ is the reduced Planck constant,m the mass of the carrier, k, k′ are the incident

and scattered momenta, R is the radius of the spherical potential well, Sz and Lz are

respectively the spin and orbital angular momentum. Berger calculated that the wave-

packet acquires a small displacement ∆y (hence the name side-jump). Specifically, it was

found that

∆y =
1

6

k~2

m2c2
=

1

6
kλ2

C ,

where λC = ~/mc is the Compton wavelength. In typical metals, ∆y ∼ 10−16 m,

but in dilute alloys, the band structure enhances the effective spin-orbit effects, yielding

∆y ∼ 10−11 m [27]. At this scale, the side-jump becomes observable and contributes to

the anomalous Hall effect.

Interestingly, the side-jump mechanism of the AHE is fully compatible with the in-

trinsic mechanism. It can be viewed as a quasi-particle experiencing an electric field due

to an impurity, as long as the impurity’s potential is “smooth” enough. Consequently,

this also leads to an anomalous velocity [21, 29]. In terms of the Berry curvature, the

intrinsic mechanism requires the integration of the entire Fermi sea while for the side-
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jump mechanism, Sinitsyn et al. showed that it would only depend on the properties

close to the Fermi surface [31]. Given this fundamental similarity between the intrinsic

and the side-jump mechanisms, early studies of the AHE could overlook the effect of

impurities, allowing Karplus and Luttinger to develop the first theoretical model for the

AHE.

We close this section by highlighting an important feature of the side-jump mecha-

nism. Although it arises form scattering, the side-jumpmechanism is independent of the

transport lifetime τ , and hence has the same dependence on the longitudinal resistivity

as the intrinsic KL theory, namely, proportional to ρ2. This similarity makes it chal-

lenging to experimentally distinguish the intrinsic and side-jump mechanisms, which is

the topic of Section 2.2.4 where we discuss how to distinguish the different types of the

AHE.

2.2.4 Parsing the Anomalous Hall Effect

So far, we have established that the intrinsic and side-jump mechanisms yield ρxy ∝

ρ2 whereas Smit’s skew-scattering mechanism gives ρxy ∝ ρ. This is indeed an effective

and powerful way to analyze the different mechanisms, and experiments also appear

to consistently produce Hall resistivity in the form of ρxy ∝ ργ with either γ = 1

or γ = 2 [21]. Experimentally, however, the differentiation between the intrinsic KL

mechanism and the extrinsic side-jump mechanism is far less straightforward.

While studying various thicknesses of Fe films, Tian et al. [32] proposed to analyze

the longitudinal resistance ρ dependence by including the residual resistivity ρ0. Under

the assumption that phonon can be neglected, which is relevant to the bismuth system

as demonstrated in Chapter 5, the anomalous Hall resistivity ρAHE, defined as the y-

intercept of a linear fit to the saturated part of ρxy vsH (which equalsRsMz in Eq. (2.6))

was empirically found to be [32]

ρAHE = (αρ0 + βρ2
0) + bρ2

xx, (2.24)
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where ρxx is the longitudinal resistivity and α, β and b are parameters for the skew

scattering, side-jump and intrinsic terms, respectively. This allows experimentalists to

empirically study the different AHE contributions provided that ρ0 can be tuned by,

for example, changing the film thickness. Equivalently, Eq. (2.24) can be rewritten in

terms of the conductivities as

σAHE = −(ασ−1
0 + βρ−2

0 )σ2
xx − b, (2.25)

provided that ρxx � ρAHE, as it is the case in bismuth (see Chapter 4 and Chapter 5).

This equation has the advantage that the b term for the intrinsic contribution can be

easily isolated as the y-intercept. In the literature, conductivity is also the preferred no-

tation for analyzing the AHE as the different conductivity contributions would simply

be expressed as a sum

σtotal = σint + σskew + σs-j,

where σtotal is the total anomalous Hall conductivity, σint is the intrinsic contribution,

σskew is the skew scattering contribution and σs-j is the side-jump contribution.

Until now, experiments on the AHE have been conducted for well over a century,

and vast amount of data on diverse materials were collected. From these, three regimes

with different dominant mechanisms have been identified [21]:

(i) the high conductivity regime (σxx > 106 Ω−1 cm−1): σAHE ∝ σxx and thus the

skew scattering mechanism dominates,

(ii) the good-metal regime (104 Ω−1 cm−1 < σxx < 106 Ω−1 cm−1): σAHE remains

constant, and thus the intrinsic or side-jump mechanisms dominate,

(iii) the bad-metal–hopping regime (σxx < 104 Ω−1 cm−1): σAHE ∝ σ1.6−1.8
xx , in which

case a minimal model cannot describe the AHE well.

While these identified regimes based on the longitudinal conductivities provide a

good way to predict the type of AHE in different materials, formally the ρAHE
xy (σAHE

xy )
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dependence on ρxx (σxx) found in Eqs. (2.24) and (2.25) should be carefully studied for

a given system. Alternatively, the temperature dependence also gives an excellent in-

dication of the dominant mechanism at play. If phonons or impurity scattering were

present, then σAHE should have a strong temperature dependence. On the other hand,

the intrinsic AHE should not depend on the temperature. Details of the AHE temper-

ature dependence is thoroughly discussed in Chapter 5 and Chapter 6.

2.2.5 Quantum Anomalous Hall Effect

We now return briefly to the intrinsic mechanism of the AHE. As this intrinsic

contribution is a property of the Berry curvature, it can lead to the quantized version

of the anomalous Hall effect in the 2D limit. When the Fermi level lies within a gap

of the bulk band structure, and the band exhibits a non-zero Berry curvature, the in-

trinsic mechanism does not contribute to the conductivity but produces a quantized

contribution on the edge in units of e2/h at T = 0 [21, 29]. If the system is bulk and

not in the 2D limit, it can be viewed as a stack of many 2D layers, the anomalous Hall

conductivity would then be ∼ e2/(ha) where a is the lattice constant. This result is

consistent with numerous experimental observations [21].

In 1988, Haldane proposed a toy model for realizing the quantum anomalous Hall

effect (QAHE) which partly led to his winning of theNobel prize in 2016. In thismodel,

he examined a 2D honeycomb lattice with broken time-reversal symmetry. When the

system exhibits strong spin-orbit interaction, the anomalous Hall effect would become

quantized [33]. Interestingly, pure bismuth in the 2D limit known as bismuthene, pos-

sesses a honeycomb structure similar to graphene, except it is buckled as illustrated in

Fig. 2.4. Additionally, bismuth, being a heavy atom with high atomic number Z, has

one of the highest spin-orbit coupling among all elements. This raises the question of

whether bismuthene could be a suitable platform for exploring the quantum anoma-

lous Hall effect, despite it appears to be missing the necessary condition of time-reversal

symmetry breaking. This will be further discussed in Chapter 6.
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2.2.6 Summary

Despite over a century of research, it was only with recent advances in topology

that we began to have a strong grasp of the mechanisms responsible for the anomalous

Hall effect. In particular, the Berry curvature is crucial for understanding the intrinsic

mechanism of the AHE. This mechanism only depends on the crystal’s Hamiltonian

and serves as a precursor to the quantum anomalous Hall effect. Conversely, the side-

jump mechanism, while fundamentally compatible with the intrinsic contribution, can

be seen as arising from a quasi-particle influenced by an electric field due to impurities.

Both mechanisms are independent of the transport lifetime τ , resulting in ρxy ∝ ρ2,

whereas the skew scattering mechanism yields ρxy ∝ ρ due to asymmetries in the tran-

sition probability.

Identifying the exact mechanism at play can be challenging, especially given the

identical ρ dependence of both the intrinsic and side-jump mechanisms. However, as

discussed in Section 2.2.4, researchers have been able to distinguish regimes where skew

scattering dominates from those where intrinsic and/or side-jump contributions are

more significant, based on the value of σxx and the temperature dependence of ρAHE.

Importantly, in the scenario where phonons can be neglected, the parameters for each

mechanism can be fully extracted from Eq. (2.24) or Eq. (2.25). Parsing the AHE rep-

resents only one of the experimental challenges, some of which will be addressed in the

next section as we shift the focus to transport measurements.

2.3 Transport Measurement

While textbooks often provide a solid theoretical foundation on a given topic, mas-

tering measurement techniques is typically a skill developed over time in the laboratory,

often through hands-on experience and overcoming practical challenges. In this section,

we examine the van der Pauw geometry and the Onsager reciprocity theorem, both cru-

cial for accurately isolating the Hall and longitudinal signals that were experimentally

obscured in our bismuth device.
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2.3.1 van der Pauw Geometry

A narrow Hall bar is frequently used to simultaneously measure the Hall effect and

resistivity of a sample. However, this method can be impractical as it requires at least six

contacts and typically demands an elongated geometry. In contrast, the van der Pauw

geometry allows for the measurement of both the Hall effect and resistivity using only

four contacts on a sample of arbitrary shape. Consequently, the van der Pauw method

is often preferred for smaller samples, or when practical considerations make the Hall

bar approach less feasible. Some of the common van der Pauw geometries are shown in

Fig. 2.6.

Figure 2.6: Common van der Pauw geometries: a. square, b. circle, c. Greek cross and
d. cloverleaf. Each contact is labeled with the letter A, B, C or D as illustrated in a.

With this approach, the resistivity can be extracted through the formula [34]

ρ =
πt

ln 2

RAB,CD +RBC,DA

2
f (2.26)

where t is the thickness, RAB,CD (RBC,DA) is the measured four-terminal resistance un-

der the notationRI+I−,V+V−
2 and f is a prefactor defined by the solution of the equation

cosh

(
ln 2

f

RAB,CD/RBC,DA − 1

RAB,CD/RBC,DA + 1

)
=

1

2
eln 2/f . (2.27)

Note thatRAB,CD andRBC,DA are related by a 90-degree rotation. While the van der

Pauw method minimizes the importance of sample geometry, it requires multiple mea-

surements to determine the resistivity. Additionally, specific conditions must be met

for this method to be applicable: the contacts must be placed on the sample’s perimeter
2Thus, RAB,CD = VCD/IAB and RBC,DA = VDA/IBC .
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and be very small relative to the sample size, the sample must not contain holes, and its

thickness must be uniform. Some of these requirements can be relaxed. For example,

different pre-factors can be introduced when the contacts are large compared to the sam-

ple size [35,36]. Recent developments have also addressed cases with a single hole in the

van der Pauw geometry [37, 38]. Nevertheless, deviations from these ideal constraints

generally introduce some error into the van der Pauw method.

2.3.2 Onsager’s Reciprocity Relations

In van der Pauw geometry, another challenge arises when contacts are not infinitesi-

mally small and/or not placed on the sample’s perimeter - this can result in themixing of

the measured longitudinal and Hall voltages. However, Onsager’s reciprocity relations

provide a powerful tool to separate them.

Onsager developed a series of reciprocal relations by combining the theory of fluc-

tuations with time-reversal considerations [39]. These relations are of paramount im-

portance, enabling the thermodynamic study of irreversible processes and finding ap-

plications across numerous fields. For this reason, Onsager’s relations are sometimes

referred to as the “Fourth Law of Thermodynamics”, a discovery that earned Lars On-

sager the Nobel Prize in Chemistry in 1968.

Among the many applications of Onsager’s reciprocity theorem, Meixner applied

the concept to electrical conduction and made extensive studies in this area [40]. For

Hall and resistivity measurements in an ohmic system, it is well understood that in-

verting the current and voltage probes in a four-terminal measurement transposes the

measured resistance tensor, as dictated by the reciprocity relation [41]. Mathematically,

this means

R(B) =

 Rxx Rxy

−Rxy Rxx

 V−↔I−−−−−→
I+↔V+

Rxx −Rxy

Rxy Rxx

 .

As a result, provided that we make both measurements for the Onsager pair (upon
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interchanging I+ ↔ V+ and V− ↔ I−), the longitudinal resistance Rxx and the Hall

resistance Rxy can be separated upon symmetrization and anti-symmetrization giving

Rxx =
R +R′

2
,

and Rxy =
R−R′

2
,

where R and R′ form an Onsager reciprocal pair. In contrast to the usual symmetriza-

tion and anti-symmetrization methods, which rely on the evenness and oddness of the

resistances, Rxx(B) = Rxx(−B) and Rxy(B) = −Rxy(−B), the Onsager reciprocal

relations offer a more powerful framework for capturing behaviors across the entire

B-field [41–43].

2.4 Summary

In conclusion, bismuth remains an exciting platform for solid-state physics to this

day. The historical snapshots presented in Section 2.1 highlight effects that are well un-

derstood within established theoretical frameworks. However, some phenomena are

still the subject of active research. One such example is the semimetal-to-semiconductor

transition,whose understanding presents challenges due to the interplay between quan-

tum confinement effects and changes in the surface band structure of bismuth.

Similarly, more experiments are needed to fully understand the anomalous Hall

effect. An extreme case of the intrinsic AHE is the quantum anomalous Hall effect,

which, as predicted by Haldane, can occur in a honeycomb system with time-reversal

symmetry breaking. At first glance, bismuth, which is diamagnetic in nature, seems

an unlikely candidate for exploring the QAHE. However, as we will demonstrate in

Chapter 4 and Chapter 5, we have unambiguously observed the AHE in thin bismuth

flakes. This suggests the existence of a hidden mechanism for breaking time-reversal

symmetry, indicating that bismuth could indeed be a platform for realizing the QAHE.

In the following manuscript-based chapters, Chapter 3 details the fabrication of the
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thin bismuth flakes, Chapter 4 presents our first report on the anomalous Hall effect

observed in these flakes, and finally in Chapter 5, we demonstrate that the observed

AHE in bismuth is surprisingly temperature independent.
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3
Exfoliation of Thin Bismuth Flakes

3.1 Introduction

The existence of graphene was predicted decades before its successful isolation in

2004 [44]. This breakthrough with graphene opened the door to the world of 2D ma-

terials. Since then, there has been an enormous effort to produce and study various 2D

materials, as their properties can be “exotic” and significantly different from their bulk

counterparts. Generally, the fabrication of these single-layer materials can follow either

top-down or bottom-up approaches. The state-of-the-art method for bottom-up fabri-

cation is the molecular beam epitaxy (MBE), which provides exceptional control over

thickness and composition at the atomic level. Meanwhile, other bottom-up techniques

like chemical vapor deposition (CVD) and physical vapor deposition (PVD) offer better

scalability, though achieving uniform film thickness can often be challenging [45].
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These bottom-up approaches can be financially burdensome for researchers andmay

require an incredible amount of time to perfect the optimal parameters. In contrast, the

top-down approach involves exfoliating a bulk crystal down to atomic layer thickness.

A prime example is the adhesive-tape method first used to exfoliate graphene. Due to

the low van der Waals (vdW) forces between graphene layers, the adhesion of the tape is

strong enough to separate individual layers. Surprisingly, even such a simple technique

can produce materials in the 2D limit of exceptionally high quality.

This technique has been used to fabricate numerous 2Dmaterials, including the suc-

cessful isolation of phosphorene in 2014, making it the second 2D elemental allotrope

produced after graphene [46]. As seen in Section 2.1, bulk bismuth with a surface in

the (111) direction shares a similar honeycomb structure with graphene and phospho-

rene. The (111) surface is the natural cleavage plane, where the layers are bonded by van

der Waals forces. However, as discussed in Section 3.2.2, the increased atomic size of

bismuth leads to greater polarizability, making the adhesive-tape mechanical exfoliation

method inefficient for isolating thin layers of bismuth.

Several research groups have explored other techniques, such as liquid exfoliation,

through which bismuthene has been successfully prepared [47–50]. Interestingly, some

highly creative methods were employed, including the use of a kitchen blender [49].

However, these approaches can pose challenges due to the chemicals involved. When

the surface-to-volume ratio is significantly increased, the thin layers can become highly

reactive. This is the case of phosphorene, which rapidly transforms into phosphoric acid

upon exposure to air. For this reason, traditional mechanical exfoliation is preferred,

especially in environments that can be carefully controlled such as with the use of a

glovebox.

In this chapter, we present the manuscript entitled “Method of mechanical exfo-

liation of bismuth with micro-trench structures” which proposes the design of a new

mechanical exfoliation method that can be adapted for use in an isolated environment.

Note that the full manuscript below is identical to the published version in the Journal

of Applied Physics [52]. The figure labels and reference numberings are also aligned with

30



Chapter 3. Exfoliation of Thin Bismuth Flakes

those of the published manuscript and are independent from the rest of the thesis. The

Supplemental Information of the manuscript is presented in Appendix A.

3.2 Manuscript

3.2.1 Abstract

The discovery of graphene led to a burst in search for 2D materials originating

from layered atomic crystals coupled by van der Waals force. While bulk bismuth crys-

tals share this layered crystal structure, unlike other group V members of the periodic

table, its interlayer bonds are stronger such that traditional mechanical cleavage and

exfoliation techniques have shown to be inefficient. In this work, we present a novel

mechanical cleavage method for exfoliating bismuth by utilizing the stress concentra-

tion effect induced by micro-trench SiO2 structures. As a result, the exfoliated bismuth

flakes can achieve thicknesses down to the sub-10 nm range which are analyzed by AFM

and Raman spectroscopy.

3.2.2 Introduction

Since the discovery of graphene earlier this century [1], two dimensional (2D) ma-

terials have been intensively studied and have become a topic of broad and current in-

terest. In 2014, black phosphorus, a group Vmember, was successfully exfoliated and as

such is the second elemental allotrope that can be exfoliated mechanically [2–6]. Similar

to phosphorus, bismuth is also a member of the group V column and shares a similar

layered crystal structure, as shown in Fig. 1. In particular, bismuth has attractedmore at-

tention in solid state physics, as it displays noteworthy features, such as extremely large

diamagnetism [7], high Seebeck coefficient [8, 9] and outstanding electronic transport

properties [10–13]. Most notably, the Shubnikov-de Haas oscillation and de Haas-van

Alphen effect were also first observed in bismuth [14, 15]. However, most of these

interesting properties have been only explored in bulk bismuth before the successful

growth of single-layer bismuthene on SiC substrate in 2017 [16], and the free-standing
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Figure 1: Layered bismuth crystal: (a) top view of (111) and (b) its side view, equiv-
alent to (11̄0). Note that different color shadings are used to highlight the buckled
honeycomb structure [11].

unsupported bismuthene with the buckled honeycomb structure was only grown in

2020 [17]. Such a breakthrough opens doors for experimenting the electronic transport

properties of 2D bismuthene since it has been predicted and shown to manifest new

properties such as being a higher order topological insulator (HOTI) [18, 19] and to

host intrinsic superconductivity at temperatures below Tc ≈ 0.5 mK [20].

Between its bulk form and its 2D form, bismuth thin film demonstrates tunable

band gap due to the quantum confinement effects [21, 22]. It has been theoretically

predicted and experimentally proved that, a transition from the semimetal phase with

negative gap to the semiconductor phase with positive gap occurs as bismuth film’s

thickness reaches smaller than ∼ 30 nm [23–25]. In spite of these advances, as of today

no transport measurements have been carefully performed in the thin film regime be-

cause of the difficulties in fabrication such as oxidization and small size of the exfoliated

flakes.

To obtain bismuth thin flakes, one would naturally expect to exfoliate bismuth

in a similar fashion as its partners in the group V given that they share similar crys-

tal structures. Unfortunately, conventional mechanical exfoliation/cleavage fails for

the bismuth samples, because the van der Waals (vdW) force increases with increasing

atomic weight. This is exemplified by He-He (0.0218 kcal/mol) versus Xe-Xe (0.5614

kcal/mol) vdW interactions [26]. Furthermore, the Bi-Bi covalent bond (197 kJ/mol)

is weaker than the P-P covalent bond (490 kJ/mol) [27], and combined with the increas-
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ing vdW force, the anisotropy in bond strength is reduced which makes the exfoliation

process difficult. Indeed, almost all the high quality samples have been prepared through

molecular beam epitaxy (MBE) [28–33], but MBE growth requires significantly more

complex infrastructure than exfoliation based methods. Conversely, recently reported

exfoliation techniques for bismuth use liquid sonication which is detrimental to the

electronic properties due to high humidity and oxidation [34, 35].

In this work, we improve the traditional mechanical cleavage technique (“drawing

with chalk on a blackboard” [36] or the scotch tape method [1]) by fabricating micro-

trench structures used as stress concentration area to break the bonds between bismuth

atomic layers. The principle of this process is similar to a “cheese grater”, where flakes

are broken off as the bulk crystal is pushed against the micro-trench structures. Our

experiment demonstrates that this exfoliation technique can be used to obtain ultra-thin

bismuth flakes as thin as 2 nm.

3.2.3 Exfoliation Method

As mentioned, to exfoliate bismuth, it is necessary to mechanically break the strong

bonds between its atomic layers. To break the interlayer van derWaals bonds, we utilize

the micro-structures to locally induce a stress concentration which then produces inter-

layer fractures in the bismuth. The fabricated device used to perform such exfoliation

task is hence composed of two parts: a micro-trenched SiO2 “file” or “grater”, and a

metal pen used to hold the bulk bismuth crystal. The latter is scratched against the file

through pressure applied by the metal pen as depicted in Fig. 2. Note that the hardness

of bismuth, 2.25 Mohs [37], is significantly lower than that of silica, 7.0 Mohs, enabling

SiO2 to be an effective medium to scratch bismuth.

A penwas fabricated to hold a small bismuth crystal at its tip. It is important to note

that we prepare the bismuth crystal in a way to carefully to control the orientation of the

exfoliated flakes. This is achieved by cutting the bismuth sample from a larger bismuth

single crystal while ensuring the top and bottom surfaces are both (111) cleavage planes.
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Figure 2: (a) Photograph of the metal pen with a bulk bismuth single crystal sample
glued to its tip. (b) Photograph of the micro-trench structure on the SiO2 substrate.
The exfoliated flake is traced in blue and the red lines indicate the trench and mesa. (c)
Schematic drawing which describes the exfoliation process: the metal pen holding the
bismuth sample is scratched against the hard SiO2 micro-trench structure in a way to
break the bismuth into thin flakes.

The small sample is then glued to the tip of the metal pen with a thin layer of epoxy

glue. With this pen-shaped sample holder, we can conveniently control the contact

pressure and the scratching speed during the exfoliation process. In our case, the bulk

bismuth has a contact area of 3 mm by 3 mm and the force applied by hand is estimated

to be 10 to 30 N, yielding a mean pressure of 1 to 3 MPa, which can be increased in

localized regions by the micro-trenches and bismuth surface topography. To ensure the

exfoliated flakes are free of oxide, the entire process of the exfoliation is performed in a

nitrogen-filled glovebox (with water and O2 concentrations less than 1 ppm). Atomic

forcemicroscopy (AFM) was carried out in this nitrogen environment, and the substrate

was spincoated with polymethylmethacrylate (PMMA) before exposing the flakes to

air for Raman spectroscopy in order to prevent possible oxidation. The details of these

characterizations are discussed later in this article.
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An optical microscope image of the micro-trench structures on the SiO2 file and an

exfoliated flake are shown in Fig. 2(b). The mesa and trench part are shown between the

dotted red lines. To form these trenched structures, a 425 µm Si wafer with 300 nm SiO2

thermal oxidation layer was used. The trenches were then patterned with conventional

photolithography on the oxide layer using Microposit® S1813 positive photoresist spun

at 4000 RPM for 30 s. With the developed photoresist as a mask, the selected region

of the oxide layer was partially removed with reactive ion etching (RIE). The recipe

used was 100 mTorr pressure with CHF3 at 45 sccm, CF4 at 7 sccm, Ar at 70 sccm and

power of 720 W for 5 s, yielding a trench of 25 nm deep. The remaining photoresist

was removed with Microposit® Remover 1165, and the micro-trench structures are then

completed. In our experiments, we designed two types of trenches: straight-edge and

jagged-edge, both shown in the schematic in Fig. 2(c). The depths of these trenches are

fixed at 25 nm and their widths vary from 3 µm to 100 µm.

Figure 2(c) also summarizes the entire exfoliation process. The key feature of the

trenched micro-structures for bismuth exfoliation is the stress concentration effect. As

the SiO2 is much harder than bismuth, the bismuth surface in contact with the trenched

micro-structures is deformed as the metal pen is pushed against the fabricated file with

appropriate pressure, and the area contacting the trench edge then becomes a stress con-

centrated region. Fig. 3(b) and Fig. 3(c) illustrate this described mechanical process for

the straight-edge and jagged-edge types of trenches respectively. It is important to note

that the jagged-edge trenches can induce higher stress concentration on the bismuth sur-

face than the straight-edge trenches. This is because the sharp corners of the jagged-edge

trenches can concentrate the stress to a point in addition to the stress concentration

lines of the straight-edge trenches. Finally, as illustrated in Fig. 3(a), while the bismuth

held by the metal pen moves across the trenches, the stress concentration lines succes-

sively scan the bismuth surface, and this induces numerous fractures near the surface.

From the perspective of damage mechanics, these fractures are most likely to be formed

along the (111) cleavage plane, which, as we have carefully arranged, is parallel to the

bismuth surface. As a consequence, the stress concentrates in the fractures, and hence
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thin layers of bismuth flakes are stripped away from the bulk sample, leaving a trace of

bismuth films with thicknesses varying from 10 nanometers to several hundred nanome-

ters. This process is analogous to writing with a carbon lead pencil, except the lead is

bulk bismuth crystal instead of graphite and the paper has a micro-trench file.

Figure 3: (a) Schematic of the bismuth crystal scratching against the SiO2 micro-trench
structure. Microscopically, the stress is concentrated near the trench edge and fractures
the bulk crystal. (b) Bismuth crystal pressed against a straight-edge trench which results
in a stress concentration line. (c) Bismuth crystal pressed against a jagged-edge trench
which results in a stress concentration point.

3.2.4 Result and Discussion

Per the exfoliationmethod described above, we succeeded to produce bismuth flakes

of various sizes and thicknesses. While our method is effective for producing thin bis-

muth flakes, we observed no difference in the performance of the straight-edge and

jagged-edge types of trenches. We attribute this observation to the fact that the edges

only introduce fractures to the bulk crystal and do not shave the crystal directly. Fur-

thermore, the exfoliated flakes do not prefer to fall into the trenches and are observed in

the trenches as well as on the mesas. This also affirms that fractures are only introduced

by the micro-trench structures and that the actual exfoliation of flakes is responsible by

the “writing” process. Fig. 2(b) shows the optical microscope image of a typical flake on

the SiO2 file. Note that this flake has a height over 100 nm giving a good visibility, and
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thus can be easily identified with an optical microscope. In the Supplemental Material,

we calculate the optimal filter required to maximize the contrast of a sub-10 nm bismuth

flake on the micro-trench structures.

Ultra-thin bismuth flakes were also obtained with our exfoliation technique. Figure

4 shows three different flakes of average thickness 4± 2 nm, 7± 4 nm and 12± 4 nm.

The average thickness is obtained by averaging the height of the flake and subtracting

the average substrate height. The AFM scans are shown in Fig. 4(a), (b) and (c), and a

profile is selected and plotted in Fig. 4(d), (e) and (f). Their optical microscopic images

taken at 100× magnification are shown in insets of Fig. 4(a), (b) and (c). Note that

given the poor optical contrast of these ultra-thin flakes, the colors in these images are

adjusted to enhance the visibility of these flakes by tuning the contrast, white balance

and color levels.

Figure 4: (a,b,c) AFM scans of ultra-thin bismuth flakes of average thickness 4± 2 nm,
7 ± 4 nm and 12 ± 4 nm. The optical images after contrast, balance and color level
adjustments are shown in the insets. (d,e,f) AFM profile of exfoliated flakes along the
line scans indicated in the respective AFM images.

As to other types of exfoliation techniques, our method can produce flakes with

various sizes and thicknesses. We have analyzed AFM images of 469 flakes and recorded
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their height and surface area. To better reveal the trend, these data were binned loga-

rithmically by area and are shown on a logarithmic scale in Fig. 5. A clear linear trend

is observed on this log-log scale, suggesting a power-law relationship ∝ area0.38. As the

data demonstrates, the flake thickness decreases as the surface area decreases, however, it

is possible to obtain large area flakes with relatively small thicknesses in the sub-100 nm

range. To fabricate a four terminal device for exploring electrical transport properties,

a flake area of 1 µm2 would be necessary. As it is seen in Fig. 4, for an area larger than

1 µm2, we can obtain flakes as thin as 10 nm and often in the tens of nanometer range

which is ideal to explore, among other predictions, the semi-metal to semi-conductor

transition of bismuth [24].

Figure 5: Flake height versus flake area in log-log scale. Binned (logarithmically) data
with error bars given by the standard error. The fit reveals that thickness ∝ area0.38.

3.2.5 Raman Characterization

Raman spectroscopy was performed in air on exfoliated flakes protected by a poly-

methylmethacrylate (PMMA) cap layer that was spun coated in a nitrogen glove box

environment, as well as on the bulk crystal for benchmarking. The laser wavelength is

785 nm with 50× objective and 25 µm aperture diameter. Fig. 6(a) shows the Raman

spectra of the bulk crystal’s surface before and after it was freshly cleaved. Both bismuth

Raman shift peaks at 70 cm−1 and 97 cm−1 for theEg andA1g vibrational modes, and as
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well as the overtone at 187 cm−1, are clearly observed [28, 38], as expected for bismuth

crystal. However, only the Raman spectrum on the surface of the bulk crystal clearly

demonstrates the characteristic Raman shifts at 125 cm−1 and 313 cm−1 for the Bi-O

bonds in β-phase bismuth oxide where the latter is commonly formed at lower tem-

peratures under the 300◦C range [39–41]. In contrast, after cleaving the bulk bismuth

specimen and exposing its interior, the bismuth oxide peak disappeared, indicating that

the oxidation is only present on the surface of the bulk crystal. Consequently, our

mechanical exfoliation process is done in a glovebox, provoding a nitrogen-only envi-

ronment with O2 and water concentrations less than 1 ppm, hence avoiding oxidation

of the exfoliated thin bismuth flakes.

Figure 6: Raman spectroscopy of the bulk bismuth. The bismuth Raman peaks at 70
cm−1 and 97 cm−1, and the β-phase of bismuth oxide’s Raman peak at 313 cm−1 are
shown.

To confirm this, a small flake of thickness 160 nm obtained from grating the bulk
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crystal against micro-trench structures was also analyzed with Raman spectroscopy

where the Raman shifts is shown in Fig. 6(b) along with the optical image of the flake

in the inset. Given the small thickness and area of the flake, its signal is rather small.

Nevertheless, the Raman peaks for bismuth at 70 cm−1 and 97 cm−1 are still observed

unambiguously, confirming the presence of bismuth in the exfoliated flakes. The Ra-

man peaks for β-phase bismuth oxide could not be observed within the detection limit

of our Raman apparatus. This indicates that there is little or no sign of oxidation of

the exfoliated flake. Indeed, given the small size of the flake, we expect the oxidation

to be throughout the flake instead of only on its surface, hence the oxide peaks would

dominate the Raman spectrum.

3.2.6 Conclusion

In this work, we described a novel exfoliation technique based on stress concentra-

tion effects induced by micro-trench structures. Previous mechanical cleavage methods

use adhesion to a flat surface to exfoliate a layered crystal, or take advantage of the weak

van derWaals force between atomic layers where bulk crystals are rubbed against a solid

surface as in “drawing with chalk”. In contrast, our approach uses the shear stress pro-

duced by scratching the bulk crystal against the hard SiO2 substrate with micro-trench

structures, acting as a “cheese grater”. Such shearing motion produces stress concentra-

tion in the bulk crystal in contact with the trench edge, and consequently fractures are

produced along the stress concentration line/point to strip thin layers.

We have shown that flakes as thin as ∼10 nm can be obtained with this exfoliation

method, albeit they become barely visible under an optical microscope. In the Supple-

mental Material, we studied the contrast for ultra-thin bismuth flakes and showed that

a red filter between the range of 500 - 570 nm greatly improves the flake visibility in the

sub-10 nm range.

Most importantly, our work demonstrates the concept of using stress concentration

to mechanically exfoliate crystals with strong bonds between interlayers. In the future,
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this technique could prove useful to fabricate devices with 2D materials thought not

possible to exfoliate via traditional mechanical exfoliation method.
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4
Anomalous Hall Effect in Thin

Bismuth

4.1 Introduction

The development of this novel technique for exfoliating thin flakes of bismuth en-

ables the study of their transport properties, which is the central focus of my PhD thesis.

While most research on bismuth has concentrated on its bulk form, the properties of

thin films or flakes remain largely unexplored, despite recent progress.

Even though the micro-trench exfoliation method successfully produced thin bis-

muth flakes, fabricating them into transport devices proved to be non-trivial. As dis-

cussed in Chapter 3, the flake size scales with thickness, meaning that thinner flakes

inevitably have smaller surface areas, which complicates device fabrication— even with
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high-precision patterning techniques like electron-beam lithography (EBL). Addition-

ally, since the exfoliation tends to occur along the edges of the trench, the resulting thin

flakes often have an elongated shape, making them unsuitable for fabricating devices

with Hall bar or van der Pauw (vdP) geometries. Consequently, many of the fabricated

thin bismuth devices are in a “comb” geometry, as shown in the Supplemental Informa-

tion of the manuscript in the present chapter (Appendix B). While these “comb” devices

are generally suitable for analyzing the longitudinal resistance, they are not ideal forHall

measurements.

More challenges arise when it comes to the actual measurements. In particular,

many of the fabricated devices have a high two-point resistances on the order ofmegaohms

to gigaohms, especially in thinner flakes under 100 nm. Furthermore, these devices usu-

ally demonstrate IV curves resembling a Schottky barrier formed at ametal-semiconductor

junction. Recall that bismuthwas predicted to have semimetal-to-semiconductor (SMSC)

transition at around 30 nm which could explain such behavior, especially considering

the use of gold contacts.

Devices displaying a Schottky barrier also frequently show unstable IV characteris-

tics, which can be partially improved through current annealing. However, annealing

usually fails to stabilize the device sufficiently for reliable analysis. Interestingly, no clear

relationship exists between the thickness of the flakes and the two-point resistance, with

resistance levels sometimes being similar across all devices from the same batch. This

raises the possibility that the issue lies in contact resistance, possibly due to the lim-

ited overlap between the contacts and each flake. Plasma etching has been tested on

some batches to remove potential PMMA residue, but this method has not yielded any

noticeable improvement.

Another common issue is backgate leakage. The bismuth flakes are exfoliated onto

a substrate consisting of 300 nm SiO2 on top of doped Si, allowing the substrate to func-

tion as a backgate. However, the micro-trench patterns on the substrate require reactive

ion etching (RIE), which likely degrades the quality of the SiO2 layer. Additionally, me-

chanical pressure is applied to press the bulk bismuth crystal against the micro-trench
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during exfoliation. This stress can further degrade the oxide layer, making gate leakage

more likely.

Despite these challenges, a small subset of fabricated devices showed no gate leakage

and became ohmic after intense current annealing. In three of these ohmic devices, a

distinctive pattern emerged in the Rxy data when plotted against the magnetic field, re-

sembling a magnetization curve. After two years of investigation, we concluded that we

had discovered the anomalousHall effect in thin bismuth. This finding is the focus of the

manuscript entitled “AnomalousHall Effect in Thin Bismuth”. The full manuscript pre-

sented below is identical to the published version in Physical Review B [53]. The figure

labels and reference numberings are also aligned with those of the published manuscript

and are independent from the rest of the thesis. The Supplemental Information of this

manuscript is presented in Appendix B.

4.2 Manuscript

4.2.1 Abstract

Bismuth, the heaviest of all group V elements with strong spin-orbit coupling, is

famously known to exhibit many interesting transport properties, and effects such as

Shubnikov-de Haas and de Haas-van Alphen were first revealed in its bulk form. How-

ever, the transport properties have not yet been fully explored experimentally in thin

bismuth nor in its 2D limit. In this work, bismuth flakes with average thicknesses rang-

ing from 29 to 69 nmweremechanically exfoliated by amicro-trench technique andwere

used to fabricate four-point devices. Due to mixing of components, Onsager’s relations

were used to extract the longitudinal (Rxx) and Hall (Rxy ) resistances where the latter

shows a Hall anomaly that is consistent with the Anomalous Hall Effect (AHE). Our

work strongly suggests that that there could be a hidden mechanism for time-reversal

symmetry breaking in pure bismuth thin films.
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4.2.2 Introduction

The Anomalous Hall Effect (AHE) was discovered by Edwin Hall only a year af-

ter his discovery of the ordinary Hall Effect. However, unlike the classical Hall effect

that was immediately rationalized, the mechanism for AHE remained the subject of

debate for nearly a century. Today, it is believed that AHE has two types of contribu-

tions [1,2]: an intrinsic, scattering-free, mechanism originally proposed by Karplus and

Luttinger [3] that can also be reconciled with the presence of a Berry curvature (see

Fig. 1a), as well as scattering-dependent mechanisms known as extrinsic contributions

(see Fig. 1b). Despite these advances in the 1950s, AHE remains poorly understood in

certain systems such as, for example, spin glasses. Notably with the recent emergence of

topologically non-trivial band structures, the study and understanding of AHE in these

materials led to a renaissance of interest in the topic.

Figure 1: (a) Intrinsic AHE arises from time reversal symmetry (TRS) breaking intrinsic
to electronic structure. (b) Extrinsic AHE arises from impurity scattering mechanisms
that break TRS.

Bismuth is the heaviest group V element (Z = 83) and has therefore a very large

atomic spin-orbit coupling (SOC) [4, 5]. However, due to inversion symmetry in the

bulk Bi crystal, the bulk itinerant carriers do not experience SOC, in contrast to the sur-

face state carriers. Bismuth in the bulk form has been extensively studied and has a long

history of exhibiting celebrated transport properties. Remarkably, effects such as the

Shubnikov-deHaas (SdH) effect, the deHaas-vanAlphen effect and theNernst–Ettingshausen

effect were first discovered in bismuth. Recently, in part due to the discovery of graphene,
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interest in bismuth has been revived for its predicted properties in thin layered struc-

tures and in its 2D form known as bismuthene. For instance, a semimetal to semicon-

ductor transition is predicted to occur when its thickness reaches 30 nm or less [6–8],

but finding such transition has been proven to be experimentally difficult due to fabri-

cation challenges and the potentially non-trivial contribution of surface states [4]. Yet,

quantum confinement is important in understanding transport properties of films of

thickness up to about 100 nm [9–11]. Furthermore, advances were made in isolating

the single layer allotrope, bismuthene, and it was successfully grown for the first time

on a SiC substrate in 2017 [12], albeit its transport properties still await to be unraveled

experimentally. More recently, there has been a widespread interest in bismuth as there

is substantial evidence for it to be a higher order topological insulator (HOTI) [13, 14]

and to host intrinsic superconductivity where the transition occurs below Tc ≈ 0.5

mK [10]. As such, this makes bismuth an excellent candidate to study AHE in a system

that is topologically non-trivial.

If time-reversal symmetry (TRS) is broken in bismuth, then one would expect it to

manifest the intrinsic AHE [1, 2]. For instance, the work of Y. Hirai et al. on 30 nm

bismuth film experimentally demonstrated that circularly polarized light can open a

gap in the bismuth’s band structure, leading to time-reversal symmetry breaking which

then leads to an AHE [16]. Moreover, in a model proposed by Haldane in 1988, he

argues that TRS breaking on a honeycomb lattice can lead to a Quantum Anomalous

Hall Effect (QAHE) [17]. QAHE was first observed by Chang et al. [18] in 2013, and

in 2018 A. Young et al. [19] experimentally found QAHE in twisted bilayer graphene

where TRS was broken when the interlayer twist angle in the moiré pattern is θ ≈ 1.1◦.

Here, we report on our work in sub-100 nm bismuth films whereby an unambiguous

signature of the AHE was observed in electronic transport measurements. Bismuth is

known to be a diamagnetic material and as such the manifestation of AHE requires

the breaking of TRS which is to our knowledge unexpected. Our observation of the

AHE in pure bismuth suggests that a hidden mechanism must be responsible for the

TRS breaking. This discovery is not only important to further understand the already
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extensively studied properties of bismuth, but also to extend our comprehension of the

AHE.

4.2.3 Method

Wedeveloped a novel technique usingmicro-trench structure tomechanically exfoli-

ate thin bismuth flakes [20]. The micro-trench structure was prepared by etching a SiO2

thermal oxide layer above a degenerately doped silicon substrate, effectively turning it

to a mechanical file. As shown in Fig. 2a, bulk bismuth crystal, with its orientation care-

fully chosen to be the (1,1,1) surface, was attached to the tip of a metal pen. By grating

the bismuth crystal against the micro-trench file, thin flakes of bismuth were obtained

and found to be as thin as ∼10 nanometers [20]. Such mechanical exfoliation provides

a way to obtain ultra-thin bismuth flakes in a clean and controlled environment. In

particular, compared to the recently reported exfoliation methods using liquid soni-

cation [21, 22], water and oxygen that are detrimental to electronic properties can be

avoided. While molecular beam epitaxy (MBE) techniques can produce films down to

3 nm [23], our method is far more straightforward to prepare high quality flakes down

to comparable thicknesses.

Thin bismuth flakes with average thicknesses of 29 to 69 nm were obtained and

characterized by atomic force microscopy (AFM), see Supplemental Information. Note

that the flakes have height variations, and only the average height is quoted here. Ti/Au

contacts were deposited via electron beam lithography (EBL) and electron beam vapor

deposition. Note that the environment was carefully controlled with all fabrication

steps performed in a vacuum, or in a nitrogen-filled glovebox. Lastly, a polymethyl

methacrylate (PMMA) capping layer was spincoated for protecting the bismuth flake

against oxidization. An optical image of a 68 nm device (see Supplemental Information)

fabricated in the van der Pauw (vdP) geometry is shown in Fig. 2c, with the schematic

shown in Fig. 2b. Two other devices fabricated in a comb geometry are shown in the

Supplemental Information. Note that due to the small size of the flake (∼ 1 × 1 µm),

as we will discuss below, the ohmic contacts are subject to misalignments and hence
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Figure 2: (a) Mechanical exfoliation of bismuth by grating bulk bismuth crystal against
SiO2 micro-trench structures. (b) Schematic of the device and (c) optical microscope
image of the fabricated device in van der Pauw configuration where the red dashed lines
indicate the perimeter of the flake as confirmed byAFM (see Supplemental Information).
(d) Four-point resistance as a function of temperature. (e) Raman spectroscopy of the
device compared to its bulk counterpart. Note that 70 and 97 cm−1 are Stokes shifts
for pure bismuth whereas bismuth oxide β-Bi2O3 has a Raman peak at 313 cm−1 which
was not observed for the device. Raman spectra were normalized to the bismuth peak
of 70 cm−1.

mixing of electronic transport components is to be expected.

The chemical nature of bismuth flakes was confirmed viaRaman spectroscopy with

a Bruker Senterra confocal Raman equipped with a 785 nm laser. The flake was com-

pared to its bulk counterpart of the same crystal as a benchmark. The small Raman

signal of the flake is due to its small size, however it was still possible to observe the 70

cm−1 and 97 cm−1 Raman shift peaks associated with pure bismuth [24,25], see Fig. 2e

(red). Additionally, the most common type of bismuth oxide typically formed at lower

temperatures (.300◦C), β-Bi2O3, was observed in the bulk crystal (blue) at 125 cm−1

and 313 cm−1 [26–28] but not in the exfoliated flake.

The temperature dependence of the resistance of the van der Pauw device is plotted

in Fig. 2d from 3 to 250 K, and is consistent with previously reported values for bulk

semi-metallic bismuth [29, 30] as well as thin films down to 500 nm [58].
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4.2.4 Results and Discussions

The small size and the limitation imposed by EBL resulted in the van der Pauw con-

tacts to be deposited relatively close to each other, as can be seen in Fig. 2c. Since the

contacts are not exactly at the corners as depicted in Fig. 2b, the longitudinal (XX) and

Hall (XY) resistances are expected to be mixed to some degree in every probe configura-

tion. To overcome this mixing, we use the Onsager symmetrization to reconstruct the

true longitudinal Rxx and Hall Rxy resistances. According to the Onsager’s reciprocity

theorem [41], inverting the current and voltage contacts in a linear system allows us to

measure the transpose of the resistance tensor given by

R(B) =

 Rxx Rxy

−Rxy Rxx

 ,

where B is the applied magnetic field. Consequently, by measuring the resistance in

one configuration as well as its Onsager reciprocal, the true longitudinal Rxx and Hall

Rxy resistances can be obtained by respectively symmetrizing and anti-symmetrizing

the two configurations with

Rxx =
R +R′

2
,

and Rxy =
R−R′

2
,

whereR andR′ form an Onsager pair. For example, a four-point measurement configu-

ration labeled ABCD (corresponding to probes I+/V+/V-/I-) would have its Onsager

reciprocal with contact configuration BADC.

The resistances versus magnetic fields (with positive field defined as pointed into

the page, see Fig. 3 insets) were measured at 15 mK and are shown in Fig. 3. We stress

that mixing of theRxx andRxy was inevitably observed, however Fig. 3a and Fig. 3b are

XY configurations that maximize the Hall signal and that are also Onsager reciprocals

to one another. Similarly, Fig. 3c and Fig. 3d are the XX configurations that optimize
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Figure 3: Four-point resistances of different probing configurations versusmagnetic field
B (positive defined as pointed into the page) at 15 mK. (a) and (b) are in the XY con-
figurations and form an Onsager pair, and (c) and (d) are in the XX configurations and
are Onsager reciprocals. The contacts configurations are shown in the insets.

the XX signal while also capturing a mixed Hall signal. The corresponding ideal probe

configurations in the van der Pauw geometry are shown in the insets of Fig. 3.

Figure 4 summarizes our main result: the extracted true Hall and longitudinal resis-

tances as a function of themagnetic fieldB. Figure 4a shows the anti-symmetrized signal

from the XY configurations, and as expected it is greater than the anti-symmetrized sig-

nal from the XX configurations. Similarly, the true longitudinal signal symmetrized in

a similar fashion is shown in Fig. 4b and Fig. 4c for the XX and XY configuration pairs,

respectively. In particular, both true Rxx are constant as a function the magnetic field

up to ±9 T. The resistance values are 3.2 Ω (extracted from XX) and 1.7 Ω (extracted

from XY). The difference in the extracted resistances is attributed to the contacts that

are not equidistant from one another, as the ratio of theRxx resistances is approximately

equal to the ratio of the distances between the voltage probes.

From the Hall response shown in Fig. 4a, careful inspection of the data shows the
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Figure 4: (a) Rxy extracted from XX and XY Onsager pairs through anti-
symmetrization, showing the Hall anomaly. (b) and (c) are the extracted Rxx from
the same Onsager pairs.

presence of a very small slope in the saturated regime of the Hall signal. In particular,

for the XY configuration’s saturated high-field region ( |B| ≥ 2 T), a fit to the linear

slope yields the value −0.0010(4) Ω/T, and similarly a linear fit to the XY configura-

tion’s low field region ( |B| ≤ 0.5 T) yields a slope of −0.174(3) Ω/T, see Supplemental

Information for the detailed extraction of these values. While the negative values found

for both linear Hall signals support the electronic transport being hole-dominated, it is

unfortunately not possible to reliably extract carrier densities andmobilities because the

constancy of the Rxx shown in Fig. 4(a) and (b) is uncharacteristic of the multi-carrier

model. Bismuth is known to host both electron and hole pockets in the bulk [33,34], as
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well as in thin films [35–37]. If both carriers were present, Rxx can only saturate at high

fields if the densities of electrons and holes were unequal, i.e. n 6= p. The characteristic

field for this saturation is given by [38]

B? =
nµp + pµn
|n− p|µnµp

,

where n and p are electron and hole densities, and µn and µp are electron and hole mo-

bilities. Note that the reduced Hall slope observed at high fields in Fig. 4(a) implies that

|n− p| � 1 which leads to a very high saturation field for Rxx. Under such saturation,

Rxx would have a magnetic field dependence ∝ B2, and if Rxy is dominated by a low

density, high mobility carrier at low fields, it would have a magnetic field dependence

∝ B3. Neither of these are observed in our work. Carrier density in bismuth can also

have a field dependent effect [38–40], but the linearity of Rxy with B at high field im-

plies that density variation is not responsible for the observations made here. Moreover,

the elongated Fermi surface pockets known for bulk bismuth [4] can strongly affect the

transport behavior. That being said, the multi-carrier model discussed above is valid as

long as the Fermi surfaces are closed. Meanwhile, the possibility of an open orbit in

the Fermi surface can be excluded because it is inconsistent with the saturation of Rxx

at high field as observed in our experiments. All things considered, we cannot recon-

cile the multi-carrier model with the Hall and magnetotransport data presented in this

work. Furthermore, in contrast to bulk bismuth where quantum oscillations can be

observed well under 1 T [41], in our case we did not observe any SdH oscillations in

the longitudinal resistance. As we will discuss below, this unexpected behaviour was

nevertheless observed previously in a 100 nm thick film grown by MBE [58].

Using the device geometry and the longitudinal resistance measured in the absence

of a magnetic field, the conductivity is calculated to be σxx ∼ 105 (Ω cm)−1 which

places the bismuth device in a good-metal regime dominated by scattering-independent

mechanisms [1]. It is indeed expected for bismuth to manifest the intrinsic AHE [1, 2]

because of its high SOC. However, TRS breaking is a necessary condition for both

intrinsic and extrinsic AHE, and as such, SOC alone is not sufficient to explain the
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AHE signal observed here. Usually, intrinsic TRS breaking is achieved by ferro- or

antiferromagnetism, but bulk bismuth is known to be the most diamagnetic element

with a magnetic susceptibility value of −1.66 × 10−4 [42]. Consequently, unless a

magnetic transition would occur as the thickness of bismuth is reduced, TRS breaking

must originate from elsewhere. Interestingly, in their growth and characterization of

bismuth thin films by MBE, Partin et al. found a Hall resistivity and magnetoresistivity

nearly identical to our data for their thinnest 100 nm bismuth film (see Fig. 6 of [58]).

Specifically, their magnetoresistivity in the 100 nm film was found to be independent

of the magnetic field and the Hall resistivity shows a similar AHE behaviour with a

saturation near 1 T, as is observed in our work. Importantly, the work of Partin et

al. found more conventional behavior for films thicker than 100 nm, leading to the

observation of SdH oscillations which is absent in the 100 nm film even for magnetic

fields as high as 17 T. The complete featureless and flat trend observed in their and our

works for bismuth of similar thicknesses remains an intriguing mystery.

More recently, B. C. Camargo et al. claimed to have observed the AHE in bulk

bismuth butwere unable to find the source of the TRS breaking either [43]. A portion of

their work was dedicated to eliminate magnetic contamination and superconductivity,

and it was concluded that the AHE may arise from the topologically non-trivial surface

or hinge states rather than in the bulk. Such arguments align with our observation of

the AHE in thin devices with average flake thicknesses of 68 nm (main text), 29 nm

and 69 nm (see Supplemental Information). Strikingly, these two other devices were

fabricated in a comb geometry, yet the four-probe resistances demonstrated a magnetic

field response similar to that of AHE measured in the vdP device presented in the main

section of our article. While the longitudinal resistances of the vdP and comb devices

were different (2 to 32 Ω), the anomalous Hall responses were unexpectedly similar (0.1

to 0.4 Ω), hinting that the observed AHE does not arise from the bulk, but instead from

the surface. The resistance’s temperature dependence which is consistent with that of

the bulk bismuth down to 500 nm also supports this observation as it suggests that the

bulk is measured simultaneously with the surface or hinge states.
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Finally, in addition to a non-trivial topology in bismuth [12–14, 44], there are also

other prospect origins for spontaneous TRS breaking. These include band-flattening

as in the case of twisted bilayer graphene, orbital magnetism of Dirac electrons that

could arise in bismuth, and strain-induced band distortion [45–47] that could all lead

to a broken TRS. There is a long sequence of works supporting an intrinsic AHE in

bismuth. From Conn and Donovan’s work in the late 1940s which found traces of

AHE [43,48,49], to the recent work by B. C. Camargo for the bulk [43], as well as our

own work in exfoliated bismuth that is consistent with Partin’s MBE-grown 100 nm

bismuth thin film, all these works point towards a bona fide intrinsic AHE occurring in

bismuth with an unknown origin of broken TRS.

4.2.5 Conclusion

We successfully fabricated sub-100 nm bismuth devices and studied their electronic

transport properties. Its measured Hall resistance is consistent with the Anomalous

Hall effect despite bismuth being highly diamagnetic. Our results strongly suggest that

there must exist a mechanism for breaking TRS in bismuth which needs to be further

investigated and understood. In future works, we expect to explore the Hall anomaly

at higher magnetic fields and at different field effect gate voltages to obtain a better un-

derstanding of its electronic band structure as well as a more profound comprehension

of its predicted non-trivial topology. As such, and in spite of having been one of the

most extensively studied materials since the 19th century, bismuth remains a fascinating

elemental material that is yet to be fully understood.
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5
Temperature Independence of the

Anomalous Hall Effect

5.1 Introduction

The previous report contains two particularly unexpected findings. The first is the

discovery of the anomalous Hall effect in thin bismuth, suggesting the presence of a hid-

den mechanism that breaks time-reversal symmetry. This phenomenon was not antici-

pated, even when considering the 2D limit of the (111) surface of bismuth as discussed

in Chapter 2. However, in 2023, a study revealed that inversion symmetry breaking

at the surface can lead to a non-zero Berry curvature on the (111) surface [54]. This

finding offers a potential path of explanation for the AHE observed in thin bismuth.

Additionally, as we will discuss in Chapter 6, a hysteresis loop was found in the Rxy
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signal which further supports a time-reversal breaking in our sample.

The other surprising finding in [53] was the absence of any significant magnetoresis-

tance up to ±9 T, the highest magnetic field available at the Gervais Lab at McGill. Al-

though some very small, but inconclusive deviations from constant magnetoresistance

were barely detectable in the XX pairs, it remains unclear whether magnetoresistance

was truly absent or if the effect was too subtle to be resolved at ±9 T. This uncertainty

prompted the need to conduct experiments at higher magnetic fields. Consequently,

the sample was brought to the National High Magnetic Field Laboratory (NHMFL)

in Tallahassee, Florida, where fields of up to ±30 T were accessible. Additionally, the

resistive magnet at the NHMFL is equipped with a variable temperature insert (VTI),

allowing for the investigation of temperature dependence as well.

As detailed in the manuscript below, we were once again surprised when the mag-

netoresistance showed no dependence with the magnetic field even up to ±30 T. What

was even more unexpected was that the experiments conducted at various temperatures,

from 15 mK up to 300 K revealed almost no change in the AHE signal within the un-

certainty. This strong temperature independence suggests that scattering and phonons

likely do not contribute to the observed AHE, pointing instead to an intrinsic mecha-

nism as the most plausible explanation.

The full manuscript presented below is entitled “Observation of Temperature In-

dependent Anomalous Hall Effect in Thin Bismuth from Near Absolute Zero to 300 K

Temperature”. It is identical to the posted version on the arXiv [55] which has been sub-

mitted and is currently under review. In the Supplemental Material of the manuscript,

shown in Appendix C, we further substantiate the intrinsic nature of the AHE through

the analysis of the ratio ∆RAHE/RAHE(300K) versus temperature and the scaling equa-

tion shown in Eq. (2.24) discussed in Chapter 2. The figure labels and reference num-

berings are also aligned with those of the posted manuscript and are independent from

the rest of the thesis.
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5.2 Manuscript

5.2.1 Abstract

We report our discovery of a temperature independent anomalousHall effect (AHE)

from 15 mK to 300 K temperature occurring in a pure bismuth transport device whose

average thickness is 68 nm. This surprising behaviour is accompanied with an expected

temperature dependent longitudinal resistance consistent with semi-metallic bismuth,

however it surprisingly showed no hint of a magnetoresistance for magnetic fields be-

tween ±30 T. Even though bismuth is a diamagnetic material which a priori does not

break time-reversal symmetry (TRS), our analysis of the reconstructed conductivities

points towards the AHE to be of the intrinsic type, which does not emanate from mag-

netic impurities. Finally, as pure bismuth has been shown numerically to host a Berry

curvature at its surface which breaks inversion symmetry, we propose it as a possible

explanation for the temperature independent AHE observed here.

5.2.2 Introduction

Ever since Faraday’s discovery of its diamagnetism in the mid-19th century, elemen-

tal bulk bismuth has been extensively studied and has been a wonder material for ex-

ploring new physical properties and phenomena such as the Shubnikov-de Haas (SdH),

de Haas-van Alphen and Nernst–Ettingshausen effects. More recently, there has been

a revival of experimental and theoretical work on single crystalline bismuth as it has

demonstrated evidence for superconductivity at temperatures below Tc ≈ 0.5 mK [1],

as well as edge and hinge states that are consistent with models of higher-order topol-

ogy [2, 3]. These discoveries make elemental bismuth an interesting platform for ex-

ploring exotic physical properties. For instance, a non-linear Hall effect was recently

discovered in bismuth which showed tunability even at room temperature [4]. Addi-

tionally, being a material with high spin-orbit coupling, bismuth is known to host a

buckled honeycomb lattice making it a suitable candidate to study the parity anomaly
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predicted by Haldane [5].

While bismuth has been extensively studied in its bulk form, the exploration of its

two-dimensional form has been limited due to fabrication challenges. Unlike graphite or

other group V elements such as black phosphorus, the strong interlayer bonds make it

difficult to mechanically exfoliate thin bismuth. Recent works on thin bismuth largely

rely on molecular beam epitaxy (MBE) [6–8] or more creative methods such as the

use of nano-molds [9] to press bulk bismuth down to 10 nm. These methods are not

widely accessible compared to the simpler mechanical exfoliation, leaving the electronic

transport properties of single crystal bismuth below 100 nm largely unexplored. In this

letter, by making use of a newly developed mechanical exfoliation technique based on

micro-trenches [10], we successfully fabricated thin bismuth devices and carried out

transport measurements in a magnetic field B ranging from −30 T to 30 T and from

near absolute zero to 300 K temperature. Strikingly, the anomalous Hall effect (AHE)

discovered in our 68 nm van der Pauw (vdP) device [11] with an average thickness of

68 is found to be temperature independent, while the magnetoresistance is found to be

entirely featureless. Both are remarkably surprising given the wide temperature range

of investigation and the large applied magnetic fields.

Figure 1: (a) Example of Hall conductivity due to the extrinsic contributions. Note
that the σextAHE could be increasing or decreasing with temperature depending upon the
material [17]. (b) Hall conductivity due to the intrinsic contribution. (c) Below the
critical temperature TC , the QAHE yields exactly one conductance quantum e2/h per
edge or surface state.
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5.2.3 Anomalous Hall Effect

It is widely accepted in the literature that the total anomalous Hall conductivity

(AHC) can be expressed as [12]

σAHE = σsk + σsj + σint, (5.1)

where σAHE is the total AHC and σsk, σsj , σint are the skew-scattering, side-jump, and

intrinsic contributions respectively. One way to parse the mechanisms responsible for

the AHE is to study how the AHC scales with the longitudinal conductivity σxx(T )

[12–15]. Since the skew-scattering and side-jump mechanisms both depend on impuri-

ties, the intrinsic contribution is, in principle, the only term that is temperature inde-

pendent [16]. A hallmark of the intrinsic contribution σint is that it does not scale with

the longitudinal conductivity σxx(T ) as described by the semi-empirical relation [12,14]

− σAHE(T ) = (ασ−1
xx0 + βσ−2

xx0)σ2
xx(T ) + σint, (5.2)

where α and β are coefficients for the skew-scattering and side-jump mechanisms, re-

spectively, σxx0 is the zero-field residual conductivity as T → 0, and σint is the intrinsic

AHC that remains constant. The expected temperature dependences for the extrinsic

and intrinsic dominated AHE are shown in Fig. 1(a) and (b), respectively. Depending

on the material studied and the temperature range of investigation [17], the extrinsic

AHE σextAHE can increase or decrease with temperature. For comparison, the expected

temperature dependence for the QAHE is also shown in Fig. 1(c). It is known that the

intrinsic AHE is a precursor of the QAHE [14,18,19] which yields an anomalous con-

ductance of exactly e2/h per edge or surface state and is temperature independent below

a critical temperature TC [20].
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Figure 2: (a) Schematic of the device with an arrow showing the direction of the applied
magnetic field ~Bz. (b)Optical microscope image of the fabricated device where the flake
is circled by the red dashed line.

5.2.4 Methods

Details of the fabrication process can be found in the Supplemental Material (SM)

and in Yu et al. [10] which also includes the AHE observations in two other bismuth

devices in a comb geometrywith average thicknesses of 29 nm and 69 nm. The exfoliated

bismuth flakes are produced in such way to favor its orientation in the (111) plane, as

discussed in the SM. The illustration and the optical image of vdP device with an average

thickness of 68 nm is shown in Fig. 2(a) and (b), respectively (see SM for more details).

Transport measurements (details found in the SM) are performed in a perpendicular

magnetic field with field strengths up to ±30 T and temperatures ranging from 1.4 K to

300 K in a resistive magnet. The lowest temperature data at T = 15 mK was measured

between ±9 T in a dilution refrigerator [11] showing identical behaviors [11] , though

for the remainder of the manuscript, we will focus only on the 1.4 K to 300 K data as

they were taken during a single cooldown.
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Figure 3: Resistances as a function of the magnetic field at T = 1.4 K. (a), (b) Onsager
configurations optimizing the XY or Hall measurements. (d), (e), Onsager configu-
rations optimizing the XX or the longitudinal measurements. (c) Anti-symmetrized
data that shows the extracted Hall resistance from theXY configurations shown in (a),
(b). (f) Symmetrized data that shows the extracted longitudinal resistance from theXX
configurations shown in (d), (e). Note that the noise in (c) and (f) are different due to
the averaging process required for the anti-symmetrization and symmetrization.

5.2.5 Onsager Symmetrization

As shown in Fig. 2(b), the Ohmic contacts deposited on the bismuth flake are lo-

cated close to one another due to the small size of the flake. An ideal vdP geometry

would have the contact electrodes located at each corner of a square sample, as depicted

in the insets of Fig. 3, and this is not the case here. Consequently, in our measurements,

the Hall (Rxy ) and longitudinal (Rxx) resistances are inevitably mixed and are measured

simultaneously regardless of the probe configuration. To remedy this, we made use of

Onsager’s reciprocity theorem [21] to reconstruct theHall and longitudinal resistances,

as discussed in detail in the SM.

The resistances as a function of the magnetic field were measured in two differ-

ent Onsager pairs: one that maximizes the Hall signal (XY configurations 1 and 2) as

shown in Fig. 3(a) and (b), and one that maximizes the longitudinal signal (XX config-

urations 1 and 2) as shown in Fig. 3(d) and (e). The XY Onsager pair’s data was then

anti-symmetrized to obtain the Hall resistance, shown in Fig. 3(c). Similarly, the XX
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Onsager pair’s data was symmetrized to extract the longitudinal resistance, as shown in

Fig. 3(f).

5.2.6 Hall and Longitudinal Resistances

As previously reported [11] and as shown in Fig. 3(c), the AHE is unambiguously

observed in our elemental bismuth device. Hints of the AHE and/or anomaly in elec-

tronic magnetotransport occurring in bismuth fibres were reported in the 1940’s by

Conn and Donovan [22,23], as well as recently in its bulk form by Camargo et al. [24]

who eliminated the possibility of magnetic contaminants and speculated that the AHE

arises from the surface. In bismuth thin films, the AHE has been demonstrated by Hi-

rai et al. by opening a gap in bismuth’s band structure with intense circularly polarized

light [25]. Another more recent instance of the AHE in bismuth is in the work by Ab-

delbarey et al. [7] where the authors clearly observed a non-linearity of the Hall signal

near zero-field.

Interestingly, in Partin et al.’s work on MBE-grown bismuth films [26], although it

was overlooked by the authors, their 100 nm film displayed a Hall response and a com-

pletely featureless longitudinal response up to 17 T that agreed with what we have found

in our 68 nm device between a magnetic field of ±30 T (see Fig. 3(f)). While their film

were unlikely to be protected by an encapsulating layer, all of our devices were capped

by a PMMA layer in order to avoid oxidization and aging. These converging observa-

tions indicate that the AHE in elemental bismuth is genuine, yet as of today its exact

mechanism remains unclear. Furthermore, it is not yet clear at what critical thickness

bismuth thin films would exhibit a predominant AHE, but previous and current data

would locate it in the vicinity of 100 nm.

The complete absence ofmagnetoresistance and SdH oscillations is particularly puz-

zling since diamagnetic and semi-metallic materials typically have a magnetoresistance

that scales with B2 [27–34]. Meanwhile, SdH oscillations were observed in bulk bis-

muth for magnetic fields as low as 1 T [35], and in a more recent work on growing 10 to
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20 nm thin bismuth in nano-molds at magnetic fields as low as 5 T [9]. As pointed out

in the SM and in our previous report at lower magnetic field [11], our observation of a

featureless longitudinal magnetoresistance for magnetic fields between±30 T cannot be

explained by a multi-carrier model and rather points toward an unknown mechanism

being at play.

Figure 4: (a) Hall and (b) longitudinal resistances as a function of the magnetic field at
various temperatures ranging from 1.4 K to 300 K. The inset in (a) is the zoom-in for the
data between±2 T. (c), (d), 3D plots of the same curves in (a) and (b) respectively. The
longitudinal resistance Rxx(T ) for theXX configuration 1 is shown in the background
of (d) for comparison.

5.2.7 Temperature Independence of the AHE in Thin Bismuth

The main result of this work is shown in Fig. 4. The resistances versus magnetic

field for all vdP configurations shown in Fig. 3 were measured at temperatures of 1.4 K,

40 K, 80 K, 160 K, 240 K and 300 K during a single cooldown. The Hall resistances Rxy
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extracted via anti-symmetrization are shown in the main panel of Fig. 4(a) where the

inset shows a zoom-in at magnetic fields between ±2 T. The same Rxy data is shown

in three dimensions in Fig. 4(c). Similarly, the longitudinal resistance extracted from

the XX Onsager pair is plotted in Fig. 4(b,d). In Fig. 4(d), the zero field (B = 0 T)

temperature dependence ofRxx(T ) for theXX configuration 1 between 3K and 260K is

shown in gray in the background. This increasing resistancewith increasing temperature

is consistent with the semi-metallic nature of bulk and thin bismuth [26, 36, 37].

Most strikingly, our data shown in Fig. 4(a,c) demonstrates the observedAHE to be,

within noise, entirely independent of temperature. The negligible temperature depen-

dence is particularly notable in the low field region of |B| < 2 T where theRxy(B) data

completely overlap for all temperatures investigated. This was further verified down to

15 mK in a dilution refrigerator during a separate cooldown [11]. In the high field re-

gions where the AHE is saturated, the anomalous Hall resistanceRAHE can be extracted

via the zero field intercept of a linear fit (see SM). At first sight, this lack of temperature

dependence may seem surprising. However, an important feature of the intrinsic AHE

is that it is temperature independent [12, 14], as illustrated in Fig. 1(b). This is further

expected in our case since the estimated longitudinal conductivity of our device is in the

good-metal regime σxx ∼ 104− 106 Ω−1 cm−1, which is typical for materials exhibiting

an AHE that is intrinsic in nature [14]. Furthermore, our analysis on the relation found

in Eq. (5.2) (see SM) shows the proper linear scaling between −σAHE and σ2
xx, further

pointing the observed AHE towards the intrinsic type.

The underlying mechanism of the AHE in bismuth is, in our view, unlikely due

to magnetism of any kind given the lack of temperature dependence. Furthermore,

as discussed in more detail in the SM, elemental bismuth is known to be a diamagnetic

material which a priori does not break TRS and has a relatively weak temperature depen-

dent susceptibility that varies by a factor of two from 540 K to low temperatures [38]. In

contrast, an intrinsic AHE can originate from a non-zero Berry curvature [13,14] with

the necessary condition of breaking either TRS or inversion symmetry (IS) [39]. In bis-

muth, IS is preserved in the bulk but broken at the surface [40], thus a non-zero Berry
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curvature could be present at the surface without breaking TRS. Recent first principle

calculations by Wawrzik et al. [54] confirmed this by showing that while bismuth has a

zero Berry curvature in the bulk, its surface nevertheless hosts a non-zero Berry curva-

ture. This serves as the basis for understanding the room temperature non-linear Hall

effect observed very recently by Makushko et al. [4]. We propose that bismuth’s non-

zero Berry curvature at its surface could explain the temperature independent AHE ob-

served in our work. Future theoretical and experimental work is nevertheless required

to pinpoint and gain knowledge on the exact mechanism being here at play.

5.2.8 Conclusion

In this work, we measured the resistances of a bismuth transport device with an

average thickness of 68 nm in different vdP configurations for magnetic fields between

±30 T and temperatures between 15 mK and 300 K. The extracted longitudinal resis-

tance was observed to be completely featureless for all investigated temperatures. The

extracted Hall resistance clearly demonstrates an anomaly consistent with the anoma-

lous Hall effect, and was observed to be entirely independent of temperature. Most, if

not all mechanisms, except for the Berry curvature responsible for the intrinsic AHE,

are temperature dependent in the range of investigation. We are unaware of any model

that could explain simultaneously the observed Hall and longitudinal signals, nor any

other material that exhibit an electronic Hall transport that is so insensitive to tem-

perature for such a wide range. This makes bismuth an intriguing material that is still

not well understood. Looking forward, given that intrinsic AHE is the precursor of

QAHE [18, 19], we speculate whether bismuth could be a suitable platform to explore

the QAHE given its buckled honeycomb crystal structure and high spin-orbit coupling,

both being important ingredients for the parity anomaly predicted by Haldane [5]. If

this is the case for bismuth, then this also raises the fascinating question of whether the

QAHE could be observable at much higher temperatures than it currently has been.
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6
Discussion

In this chapter, I offer a comprehensive overview of the key findings, discuss the

limitations encountered during research, and propose potential avenues for future in-

vestigation.

6.1 Mechanical Exfoliation and Device Fabrication

Chapter 2 highlighted the critical role of surface states in bismuth, where the sig-

nificant departure in its band structure from the bulk gives rise to intriguing and unex-

plored properties. Given our laboratory’s expertise in low temperature and high mag-

netic fields, we are naturally inclined to investigate the electronic transport properties

of bismuth in the 2D limit.

The first manuscript presented in Chapter 3 laid the groundwork for obtaining high

quality thin flakes of bismuth that are suitable for transport measurements, where these
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results are presented in Chapter 4 and Chapter 5. This was a crucial development for our

research, as discussed, because bottom-up approaches for obtaining thin bismuth flakes

can be both financially difficult and time consuming, requiring extensive optimization

to achieve high quality films. While many research groups have explored top-down

approaches for producing thin bismuth flakes, these methods have also proved challeng-

ing and can result in quality degradation. Our technique, which employs a micro-trench

structure to facilitate mechanical exfoliation, is highly effective due to its relatively low

cost and ease of reproduction. Notably, this exfoliation method is not limited to bis-

muth and could be applied to a variety of 2D materials. Additionally, the use of a SiO2

substrate to induce mechanical stress on bulk crystals is not a strict requirement. Other

substrates may also be used, provided they are harder than the crystal used for exfolia-

tion.

During the fabrication, preserving the high quality crystalline structure of the ex-

foliated thin flakes for subsequent transport measurements is equally important. While

this is not trivial given the mechanical stress involved in exfoliation, we are confident

that the crystalline quality has been maintained in the thin bismuth flakes. As discussed

in Chapter 3, we used a high purity single crystal for exfoliation, carefully orienting the

bulk bismuth glued to the pen along the (111) plane which is the natural cleavage plane.

The Raman spectra of our exfoliated thin flakes exhibited shifts consistent with those

of the bulk bismuth crystal, aligning with the spectra reported for 6–50 nm bismuth

films grown in the (111) direction [56].

One might also question whether defects were introduced during exfoliation given

the stronger interlayer bonding in bismuth. Investigating these potential defects is cru-

cial for assessing the quality of the flakes, and this should be a focus of future work.

For example, transmission electron microscopy (TEM) could be used to image the sur-

face. However, this analysis was not performed in this thesis due to the complexity of

sample preparation. The process requires capping the samples with a hard metal layer

like tungsten, ion milling a cross-sectional slice through the bismuth flake, and finally

polishing the surface with ions or electrons. Developing such a process for the compar-
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atively ‘soft’ bismuth films, along with conducting control experiments to ensure that

the TEM sample preparation does not introduce artifacts, was unfortunately beyond

the scope of this project.

The exfoliated thin flakes are subsequently used to fabricate transport devices. The

numerous challenges associated with the fabrication process, including characteriza-

tion, patterning, gate leakage and contact resistance, were not covered in any of the

manuscripts, but are crucial for future work. Therefore, we dedicate Appendix D to

detailing these aspects, providing future researchers with the information needed to re-

produce the results as efficiently as possible.

It is important to re-emphasize that both the exfoliation and characterization pro-

cesses are conducted within a nitrogen glovebox to prevent humidity and oxidation.

When substrates with flakes are removed from the glovebox, they are always coated

with PMMA as a protective cap layer. Even the lift-off process following metal deposi-

tion is carried out inside the glovebox. Notably, there is only one instance where the

bismuth flakes come into contact with air: during the development of the PMMA resist

after the electron beam lithography (EBL) process. To minimize potential damage from

this exposure, we transfer the substrate to the metal deposition machine as quickly as

possible and immediately pump the chamber to vacuum. This approach has been ef-

fective in our group’s previous work with black phosphorus [57], which is known to

be highly unstable in ambient conditions involving air, O2, and light. Based on this

experience, we are confident that our bismuth devices did not suffer from oxidation. In-

deed, as discussed in Chapter 3, Raman spectra showed no evidence of oxidation in our

bismuth devices. Moreover, experiments conducted at intervals ranging from months

to two years have shown no signs of aging effects.

Another logical question to consider is why no device was fabricated with flakes

of smaller thickness when the thinnest flake reported in Chapter 3 was ∼2 nm. The

challenge arises from the fact that, as the bismuth flakes become thinner, their areas un-

fortunately tend to become smaller as well. As such, the fabrication of devices becomes

difficult, particularly in the four-terminal configuration, although it is not impossible.
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Additionally, thinner flakes tend to exhibit very high contact resistance, resembling that

of a Schottky barrier. While current annealing can improve the contact resistance, it is

not sufficient unless a large amount of current is used. Unfortunately, this approach is

not systematic, and we were unable to investigate it thoroughly.

In summary, the innovative method of using micro-trenches as a tool for mechani-

cally exfoliating thin bismuth flakes has facilitated the fabrication of thin bismuth elec-

tronic transport devices. This approach has established a foundation for our future work

where the transport properties of thin bismuth are explored.

6.2 Comparison with MBE-grown films

In themanuscript reporting the anomalousHall effect and the subsequentmanuscript

reporting on its temperature independence, we consistently compared our results to

those of Partin et al. [58]. In this section, we explicitly present their results to enable

the direct comparison with our data, as discussed in Chapter 4 and Chapter 5. The

original data from Partin et al. is shown below in Fig. 6.1.

In particular, we observe that the magnetotransport behavior of the 100 nm MBE-

grown film reported by Partin et al. remarkably resembles ours at low temperatures.

In fact, a digitalization of their Hall data reveals an AHE feature that is quantitatively

similar to ours, including the saturating field of ∼ 1 T and the ratio between the satu-

ratedRxy(B � 1) andRxx. Notably, this ratio is approximately to 12% in Partin et al.’s

work, and 11% in our work using the data symmetrized and anti-symmetrized from the

XY configurations.

In addition, the magnetoresistivity for the 100 nm bismuth film shown in Fig. 6.1

is also completely featureless up to 17 T, identical to our data. Note that, as it is already

discussed in Chapter 4, the multi-carrier model cannot reconcile both the Rxy and Rxx

behaviors simultaneously. This limitation is not only theoretical but also practical, as

the featurelessRxx prevents us from fitting the appropriate parameters for both the Hall

resistance and the magnetoresistance. This has been attempted numerous times without
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Figure 6.1: Original data from Partin et al. [58]. The left panel is the magnetoresistivity
ρxx(B) and the right panel is the Hall resistivity ρxy(B). The figure is reproduced with
permission from Reference [58].

success.

In the first report of the AHE in bismuth (Chapter 4), we did not comment on any

geometrical effects which could occur. However, in our small 1µm × 1µm device, we

measured Rxy in various configurations without noting an explicit geometric contribu-

tion. This, along with the comb devices discussed in Appendix B, led us to conclude

that geometric effects can be considered negligible. Note that in Partin et al.’s case, the

geometry was an active channel of 40µm × 200µm, which is significantly larger than

ours, yet they reported magnetotransport properties that are strikingly similar to ours

in their 100 nm film.

In Fig. 6.1, it can be seen that thickness has important consequences on the mea-

sured Hall data. In the three bismuth devices we measured with varying thicknesses
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(averaging from 29 to 69 nm), we did not observe a sign change in the Hall signal in

contrast to Partin et al.’s work. This discrepancy may be attributed to differences in

fabrication techniques; however, additional samples need to be prepared to draw defini-

tive conclusions about thickness-dependent Hall resistance sign changes. Moreover, a

key difference between these MBE films and our devices is that the former are not single

crystals. In contrast, we used a single crystal with purity greater than 99% for mechan-

ical exfoliation, rendering our exfoliated flakes likely to be single crystals.

Despite these differences, the convergence of results with samples fabricated in en-

tirely different ways certainly points toward the bona fide nature of the AHE observed

in the 100 nm film and at thicknesses less than 100 nm in our own work. It is not clear

whether there is a critical thickness, and a subject of future work should be identify-

ing a better estimate of this critical thickness. Meanwhile, the critical thickness for the

SMSC transition was previously reported, but has discrepant conclusions depending on

the study [59–61]. Indeed, the SMSC transition remains a controversial topic. How-

ever, in our system, based on our temperature dependence of the devices’ resistance, we

have strong reasons to believe that our devices are in the semi-metallic regime.

6.3 Geometric Factors and Extraction of Hall conduc-

tivity

In principle, Eq. (2.24) or Eq. (2.25) can be used to extract the intrinsic anomalous

Hall resistivity or conductivity. However, this was not discussed in our manuscript

(Chapter 5), nor in the SupplementalMaterial presented inAppendixC. Instead, Eq. (2.24)

and Eq. (2.25) were only analyzed through dimensionless quantities that do not involve

geometry factors. The reason for this omission is that we cannot extract the resistivity

or conductivity in a reliable fashion.

A primary issue is that the flake has uneven thickness. However, we would like

to emphasize that this height variation is unlikely to undermine the validity of our

conclusions. Specifically, as mentioned in Chapter 2, size quantization effects are chal-
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lenging to observe in bismuth. This is because the metallic surface states on Bi (111)

likely contribute a density of states (and thus conductivity) that dominates over the

bulk. Consequently, one does not observe a trivial decrease in conductivity due to a

gap opening in the bulk for ultra-thin films.

If the charge transport was indeed dominated by a surface state, then it could be the

bottom surface that predominates conduction over both the bulk and the non-uniform

surface above. Thus, the actual thickness is less critical as long as it is “thin enough”

that the bulk does not dominate. This is further confirmed by the observation of the

AHE in the comb devices. All three devices, in which we found the AHE, have different

average thicknesses ranging from 29 nm to 69 nm.

A more significant issue is that the vdP theorem cannot be applied here, given that

the contacts must be infinitesimally small and positioned on the boundary of the flake.

Moreover, a closer examination of the optical image of the device reveals that its geome-

try resembles a Greek cross rather than the idealized vdP configuration due to the large

size of contacts compared to the flake. This geometric discrepancy, which is briefly

mentioned in Chapter 2, impacts our analysis. As a result, we analyze the resistivities

ρxx and ρxy using three different approaches: the standard conversion formula given in

Eq. (6.1), the vdP method, and a formula adapted for the Greek cross geometry.

Usually, we can convert from resistance to resistivity via

ρxx =
RxxA

l
≈ Rxxt, (6.1)

where R is the bulk resistance, ρ is the bulk resistivity, A = wt is the area, w is the

width, l is the length and t is the thickness. Note that the approximation in Eq. (6.1)

assumes the flake is nearly square, as observed in the optical image.

In the vdP geometry, the calculation of ρxx would require using Eq. (2.26), where

Eq. (2.27) is used to calculate the factor f . However, calculations show that f ≈ 1

regardless of the configuration pairs (XX or XY) used. It is important to note that
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applying the vdP theorem would yield ρxx values approximately 3-4 times larger than

those obtained using the standard conversion in Eq. (6.1).

Additionally, an extension of the vdP geometry for finite contact size is the Greek

cross geometry [35,36]. In this case, the geometric factors are different and are given by

the equations

ρxy =
1

D(λ)
Rxyt (6.2a)

ρxx = C(λ)Rxxt, (6.2b)

where the parameters λ = 0.8, D(λ) = 0.13 and C(λ) = 11.57 are fitted numeri-

cally [35, 36].
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Figure 6.2: Assuming different thicknesses of the flake, σint is calculated from a 3D
model using different XX pair and XY pair combinations, and ρxx and ρxy are converted
from Rxx and Rxy using various methods.

We can convert the resistance to resistivity with these three methods and then calcu-

late σxy which leads to σint defined as the y-intercept of linear fit to the saturated part of

σxy(B). However, σxy is calculated using tensor inversion from ρxx and ρxy. Since both

the XX pair and XY pair can yield the evenRxx and the oddRxy components after sym-
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metrization and anti-symmetrization, determining the appropriate combination to use

is unclear. Additionally, due to the uneven thickness of the flake, selecting the correct

thickness is not trivial. We summarize these different combinations in Fig. 6.2

The values for e2/(ha) and 2e2/(ha) are plotted in Fig. 6.2, where a was taken to

be the lattice constant of bismuth perpendicular to the (111) plane. For comparison,

the range of reported values for σint in the literature are also clearly shown [21]. From

Fig. 6.2, it appears that only the standard conversion formula using Eq. (6.1) is consistent

with literature values.

For completeness, we also examine the 2Dmodel and compare it to e2/h and 2e2/h,

as shown in Fig. 6.3. The right panel of this figure provides a zoomed-in view of the left

panel. In this model, it appears that the vdP method or the Greek cross method might

be a better choice.

It is therefore challenging to draw a sound conclusion given the non-trivial flake

geometry and the various possible considerations, including: (1) whether a 2D or 3D

model should be used, (2) whether the conversion from R to ρ should use a standard

formula, the vdP method or Greek cross method, and (3) which combination of the

symmetrizedRxx and anti-symmetrizedRxy should be used, given that both the XX and

XY pairs produce these values. These uncertainties highlight the need for fabricating

new bismuth devices with geometry and sample thickness more suitable for a confident

reconstruction of the resistivity.

6.4 Hysteresis Loop

As discussed numerous times in this thesis, time-reversal symmetry is a necessary

ingredient for the anomalous Hall effect to occur. For the this reason, we concluded in

our second manuscript, presented in Chapter 4, that there must exist a hidden mecha-

nism for the TRS breaking. While we have learned more since its publication, the exact

mechanism remains unknown. Nevertheless, we have observed a direct evidence of the

TRS breaking in our system.
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Figure 6.3: σint is calculated from a 2Dmodel using different XX pair and XY pair com-
binations, where ρxx and ρxy are converted from Rxx and Rxy using various methods.

This was not trivial, and overlooked in our paper given that the hysteresis loop

is small. Hence, the signal-to-noise ratio had to be significantly improved in order to

properly resolve the hysteresis loop. For this reason, the investigation of the hysteresis

loops required themagnetic field to be swept extremely slow, rendering us to only collect

data between ±1 T given the time limitations. We show below, for our least noisy

configuration (XY1), the clear hysteresis that was found.

The same investigations were performed for all other configurations, specifically the

XY2, XX1 and XX2 configurations. Importantly, in all configurations, the hysteresis

was clearly observed, despite the XX configurations tended to be more noisy. Further-

more, it was found that the size of the hysteresis was independent of the sweep rate —

the slowest sweep was more than a full day, while the fastest sweep was completed in
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Figure 6.4: The hysteresis resolved for for the XY1 configuration. Note that the error
bars are given by the standard deviation.

less than 30 min.

6.5 Summary

This chapter includes several supplementary yet crucial discussions related to the re-

sults presented earlier in this thesis. We document many challenges encountered during

the fabrication process and suggest possible improvements. Appendix D is dedicated

to these aspects. We also provide a thorough comparison with previous MBE-grown

works, particularly those of Partin et al.. The intrinsic anomalous Hall conductivity

was extracted based on various models, yet the existence of many kinds of models ren-

ders it difficult to draw an affirmative conclusion. Finally, we present the direct evidence

that TRS is broken in our thin bismuth system through the observation of a hysteresis

loop.

These additional discussions motivate several potential improvements. In the fol-
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lowing concluding chapter of this thesis, we will address possible future research direc-

tions to further investigate the unexpected AHE in bismuth.
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7
Conclusion

7.1 Conclusion

Motivated by the exotic and largely unexplored electronic transport properties of

bismuth in the 2D limit, we present a novel method of mechanical exfoliation using

a micro-trench structure to obtain ultra-thin bismuth flakes for the study of transport

measurements. By applying this technique to single crystal bulk bismuth, we demon-

strate that mechanical stress concentration can effectively cleave bismuth along the (111)

plane, producing flakes as thin as 2 nm. From these flakes, we fabricated bismuth trans-

port devices with average thicknesses ranging from 29 nm to 69 nm in both van der

Pauw and comb geometries.

Remarkably, we unexpectedly observed the anomalous Hall effect in all devices,

with extensive transport measurements conducted on a van der Pauw device with an
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average thickness of 68 nm where the contacts remained ohmic throughout the entire

range of investigated temperatures. Notably, the anomalous Hall signal remained tem-

perature independent across the entire investigated temperature range, from 15 mK to

300 K. Although we were unable to reliably extract the anomalous Hall conductivity

due to the unevenness of the flake’s height profile and the large contact size relative to

the sample area, we strongly believe that the observed AHE is genuine and intrinsic

in nature, as suggested by its temperature independence. This phenomenon is further

accompanied by a striking longitudinal resistance, which demonstrated a complete ab-

sence of magnetoresistance up to ±30 T across all investigated temperatures.

The results presented in this thesis have significant implications for the field of solid-

state physics. The mechanical exfoliation method we developed is easily reproducible

and can be applied to other materials, particularly those that are more challenging to

exfoliate. Our discovery of the anomalous Hall effect in thin bismuth also reshapes the

understanding of its electronic properties, as diamagnetic materials are not typically ex-

pected to exhibit AHE. This suggests the existence of a hidden mechanism that breaks

time-reversal symmetry in bismuth, although its origin remains unclear. Further inves-

tigation is needed to fully comprehend the AHE in thin bismuth, and in the following

section, we propose possible directions for future research.

7.2 Future Work

While Chapter 6 already outlined potential avenues for future exploration, here we

discuss them in greater detail.

Characterization

Additional characterization of the bismuth flakes is warranted. As previously men-

tioned, TEM can be employed to image the surface of the thin exfoliated flakes, allowing

for a more precise assessment of their quality. Furthermore, conducting X-ray diffrac-

tion (XRD) studies on the exfoliated bismuth flakes would be beneficial for understand-
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ing and confirming their crystal orientation.

Devices Towards the 2D Limit

Several factors have contributed to the difficulty in producing devices with thin-

ner bismuth flakes. The primary challenge is that thin flakes are difficult to be visually

detected during the initial screening stage, as discussed in Chapter 6. To improve the

optical contrast, a red filter can be used, as mentioned in Appendix A. Additionally,

this selection process can be automated using a motorized microstage, with artificial

intelligence (AI) models applied to identify the desired flakes. This approach could sig-

nificantly increase the yield within a given timeframe. Similarly, an automated scanning

process would be beneficial for identifying ultra-thin flakes with relatively large surface

areas, which is particularly important when fabricating devices where the contact size

is small relative to the flake.

Finally, the possibility of etching the flakes after exfoliation should be explored.

This approach could further reduce their thickness and provide more precise control.

However, the etching process must be conducted carefully and thoroughly character-

ized, as it can potentially degrade the quality of the flakes.

Further Analysis

Besides fabricating additional devices, the existing ones should also continue to be

investigated. This includes collecting in-plane data, such as studying the anisotropic

magnetoresistance and the planar Hall effect. Subjecting the devices to more extreme

conditions, such as in a pulsed magnetic field, can also yield interesting insights.

7.3 Closing Remarks

The experimental results we have discussed in this thesis is an addition to the recent

resurgence in interest for bismuth in its 2D form. We have introduced a new, accessible

method for obtaining thin bismuth flakes, which we hope will enable more research
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groups around the globe to explore their properties. Furthermore, the anomalous Hall

effect, likely arising from the surface, suggests that as bismuth becomes thinner, its prop-

erties can change drastically and unexpectedly. Importantly, even after hundreds of

years of extensive study, bismuth continues to surprise the community and advance

our understanding of solid-state physics.
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bismuth with micro-trench structures

A.1 Contrast Optimization

As noted in the main text, thin flakes become more difficult to observe as their

thickness decreases. Since flakes are identified visually through an optical microscope,

one can easily overlook flakes that are ultra-thin. To mitigate this, we studied the con-

trast for ultra-thin bismuth flakes on SiO2 micro-trench structures following the work

done by Blake et al. for graphene [1].

The contrast is defined as the normalized absolute difference between reflected light

intensity in the presence and absence of a bismuth flake, specifically

C =

∣∣∣∣R−R0

R0

∣∣∣∣ ,
where C is the contrast, R0 is the reflectivity in the absence of a bismuth flake and

R is the reflectivity in the presence of a bismuth flake. We show in Fig. A.1(a) and

Fig. A.1(b) the contrast colorplots for the mesa (300 nm SiO2) and the trench (275 nm

SiO2), respectively. We chose to use the indices of refraction as in Palik [2] for Si and

SiO2 as well as Hagemann et al. [3] for bismuth. However we also compared to indices

of refraction reported by Lenham et al. [4] and by Abu El-Haija et al. [5], and found

negligible difference for the ultra-thin bismuth flakes analyzed here.

In both Fig. A.1(a) and (b), the bright yellow part shows high contrast for flakes

larger than 25 nm in the optical wavelength range, however for flake thicknesses less

than 20nm, the contrast decreases drastically. This makes the ultra-thin bismuth flakes

very difficult to observe with the naked eye and often requires AFM imaging to confirm

the presence of bismuth flake.

This can be improved by using filters. Based on the our calculations, the contrast

for sub-10 nm bismuth flakes can be optimized with a filter of 503 nm and 567 nm for

mesa and trench respectively, which corresponds to a red filter in the electromagnetic

spectrum. This is shown in Fig. A.1(c) by the red lines where the contrast for these

two wavelengths are compared to the contrast averaged over power spectral density of
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the optical microscope’s halogen bulb for both the mesa (300 nm) and trench (275 nm).

Consequently, the use of a red filter improves the visibility of the sub-20 nm bismuth

flakes.

Figure A.1: Contrast plots for (a) 300 nm silicon oxide (mesa) and (b) 275 nm silicon
oxide (trench). The red lines are the optimized wavelengths (567 nm for mesa and
503 nm for trench) for ultra-thin flake visiblility. (c) These optimal wavelengths are
extracted and compared to the contrast given by the optical microscope’s halogen bulb
(blue line is for mesa, and dashed blue line is for trench).
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B.1 Transport Measurements

The resistance of the thin bismuth device was measured with a voltage pre-amplifier

using a quasi-DC technique at a frequency of 17.777 Hz and with an excitation current

of 100 nA. The low-temperature measurements were performed in a Blufors BF-LD250

dilution refrigerator fitted with a 9 T magnet.

B.2 Temperature Dependence

Given that there are four different configurations used in the Onsager symmetriza-

tion, we show the resistance versus temperature traces for all of them for completeness.

The Rxx and Rxy are shown in Fig. S1(a) and (b), respectively. Note that the trace for

XX2 was shown in the main text of the manuscript.

Figure B.1: Temperature dependence of the resistance for (a) Rxx Onsager pairs and (b)
Rxy Onsager pairs.

B.3 Optical Images and AFM Scans

The optical image before contact patterning is shown below in Fig. S2(a). The

corresponding AFM scan is shown in Fig. S2(b). A profile is selected across the flake

where the height versus position graph is shown in Fig. S2(c). Note that the latter shows

a non-negligible height variation, and we found an average height of 68±47 nm. Despite

this height variation, note that we have observed similar AHE in our comb devices (see

below) of different thicknesses, and as such we do not expect the unevenness to play an

important role in the soundness of our conclusion.
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Figure B.2: (a) Original optical image of the flake. (b) The corresponding AFM scan of
the same flake. (c) The height profile as selected in the AFM scan.

B.4 Additional Comb Devices

We have observed the Anomalous Hall Effect in two other devices which we label

device A and device B. These two devices were fabricated in a comb geometry rather

than in a van der Pauw geometry as for the device presented in the main text. We ob-

served the AHE in these two comb devices because of the mixing of transport compo-

nents due to imperfections in the contacts. The optical images of the devices are shown

below in Fig. S3. The thicknesses for devices A and B are 69± 20 nm and 29± 19 nm,

respectively. The resistances are 19 Ω and 32 Ω for devices A and B, respectively.

Figure B.3: (a) 69 nm thin device A and (b) 29 nm thin device B both patterned the
comb geometry. Note that the black dot in (a) is likely to be a particle of insulating
SiO2 left on the surface after cleaving the substrate for packaging.

For device A, we present the rawmeasured four-point resistance versus the magnetic

field, shown below in Fig. S4.
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Figure B.4: Four-point resistance versus the magnetic field for device A.

The conventional configuration is the usual I+/V+/V-/I- configuration where the

current contacts are on the outside of the comb geometry and the voltage probes are in

the center. In contrast, the unconventional configuration is obtained by inverting I+

with V+ and I- with V-. This effectively becomes the Onsager reciprocal of the conven-

tional setup. Although the AHE is clearly observed, the two curves do not cross at the

origin which we attribute tentatively to the non-ideal configuration for Hall response

used here.

Figure B.5: Four-point resistance versus the magnetic field for device B.

In Fig. S5 below we show the resistance dependence on the magnetic field for device

B. Similarly to device A, the AHE is clearly observed despite a vertical offset most likely

due to the non-ideal configuration for measuring a Hall response.
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B.5 Linear Fits of the Anomalous Hall Response

We perform linear fits on the anti-symmetrized data shown in the main text of the

manuscript. The high-field region is chosen to be |B| ≥ 2 T and the low field region is

chosen as |B| ≤ 0.5 T. The corresponding slopes are shown in Fig. S6.

Figure B.6: Linear fit for the high and low field regions of the AHE data shown in the
main text of the manuscript.
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C.1 Device Fabrication and Characterization

Figure C.1: Schematic of the mechanical exfoliation process that uses a micro-trench
structure. A bulk single crystal bismuth is glued to a pen which is then used to grate
against a SiO2 surface with micro-trenches in order to exfoliate thin bismuth flakes.

Thin bismuth flakes were exfoliated with our newly-developed mechanical exfolia-

tion technique that utilizes micro-trench structures [1]. To do so, a bulk bismuth single

crystalline sample of 99.9% purity was attached to a metal pen as shown in Fig. C.1. The

orientation of the sample was carefully chosen such that the bottom surface is the (111)

crystal plane. This pen was then used to grate the bulk bismuth against a SiO2 surface

patterned with micro-trenches designed to facilitate the breakage of interlayer bonds in

bismuth as depicted in Fig. C.1. With this method, it is possible to produce thin flakes

with thicknesses down to the 2 nm range. Importantly, the entire exfoliation process

was performed in a nitrogen-only glovebox with O2 and water concentrations both less

than 1 ppm, and as such oxidation of the exfoliated bismuth flakes was avoided. Addi-

tionally, a polymethyl methacrylate (PMMA) protection capping layer was deposited

after the entire fabrication process in order to further protect the device from oxida-

tion. Note that since the surface of contact is chosen to be the (111) crystal plane, and

since the bond between these planes is the weakest, we naturally expect the resulting

bismuth flakes to also have the (111) plane as their surface. The bismuth nature of the

fabricated devices was confirmed with Raman spectroscopy and benchmarked with the

parent bulk crystal as well as bismuth oxide. In particular, the Raman spectroscopy
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showed no sign of bismuth oxide or aging effects for a period of more than two years

since the devices’ fabrication. Further details of our fabrication technique and pertain-

ing to the Raman characterization can be found in Ref. [1,2]. As a final step, the selected

flakes were patterned with 15nm/100nm Ti/Au contacts and then capped again with a

PMMA protection layer.

The bismuth flakes were characterized with atomic force microscopy (AFM) in

order to identify the most promising flakes for electronic transport devices. Figures

C.2(a),(b) show the optical microscopy image and the AFM measurement of the bis-

muth device presented in the main manuscript. In Fig. C.2(b), a height profile is se-

lected across the bismuth flake which is shown in Fig. C.2(c). Note that the height

profile shows a non-negligible height variation, and by comparing with the active chan-

nel in the final device (Fig. 2(b) of the manuscript), the average height is calculated to

be 68 ± 47 nm. The large uncertainty is due to the wedge shape of the sample shown

in Fig. C.2(c). Despite this large uncertainty, we do not expect this height variation to

impact the transport measurements in a significant way, because we also observed the

anomalous Hall effect in other devices fabricated using the same technique, yet with

different thickness (29± 19 nm and 69± 20 nm) [2].

Figure C.2: (a) Original optical image of the device flake. (b) The corresponding AFM
scan of the same flake. (c) The height profile as selected in the AFM scan.
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C.2 Measurement Circuit

All the data in the manuscript is taken using the standard four-terminal method.

This four-terminal resistance was measured using a quasi-DC (very low AC frequency)

technique with a Stanford Research Systems SR560 low noise voltage preamplifier and

a Stanford Research Systems SR830 lock-in amplifier. The frequency used was 17.671

Hz and the excitation current was set to 500 nA for all data presented between ±30 T

at and above 1.4 K. An excitation current of 100 nA was used for measurements taken

at 15 mK and between ±9 T during a separate cooldown in a dilution refrigerator [2].

Figure C.3: The measurement circuit used to measure the four-terminal resistances for
the XX1 configuration.

It is important to note that all the contacts are ohmic with contact resistances in

the range of 56 to 106 Ω for a pair of contacts. The AC two point contact resistances

versus IDC is shown below for the four contact pairs and the XY1 configuration. This

effectively shows that the device’s contacts are ohmic at a base temperature of 15 mK.

Furthermore, all the consistency checks have been performed for different four-

point resistance configurations. In particular, all the current reversal checks (e.g. R12,34 =

R21,43) and reciprocity theorem checks (e.g. R21,34 +R12,43 = R43,12 +R34,21) have been

performed, and are all found to be within 1.5% of one another.
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Figure C.4: dV/dI versus IDC for the four contact pairs.
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Figure C.5: dV/dI versus IDC for the XY1 configuration.

C.3 Extraction of the Longitudinal andHall Resistances

To extract theHall and longitudinal resistances that weremixed due to the small size

of the sample and contact misalignments, we use a symmetrization based on Onsager’s

reciprocal relations [3]. Specifically, Onsager symmetrization [3] states that in a linear
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system, the resistance tensor

R =

 Rxx Rxy

−Rxy Rxx


is transposed upon reversal of the current and voltage probes. Therefore, measuring

the same contacts twice while reversing the current and voltage probes allows the de-

coupling of the longitudinal (Rxx) and the Hall (Rxy ) resistances by symmetrizing and

anti-symmetrizing the raw data. Specifically, this is achieved via the following formulas:

Rxx =
R +R′

2
,

and Rxy =
R−R′

2
,

where R and R′ form an Onsager reciprocal pair whose voltage and current leads are

reversed, i.e. V+ ←→ I+ and V− ←→ I−.

Note that for the symmetrization and anti-symmetrization, wed create N = 120

bins between B = −30 T and B = 30 T. R and R′ are averaged for these bins, then

plugged into the above equations to calculate Rxx and Rxy.

C.4 Temperature Dependence

Recall that Fig. 4(d) in the manuscript shows the dependence of longitudinal re-

sistances on the magnetic field at various temperatures, and in the background, a raw

XX four-point resistance’s temperature dependence is shown for comparison. For com-

pleteness, here we show in Fig. C.6 the full temperature dependences for all XX and

XY Onsager pairs that were used for the symmetrization and anti-symmetrization pro-

cedures to obtain the XX and XY electronic transport components (see Fig. 3(c, f) of

the main manuscript).

In Fig. 3 of the manuscript, we present the raw resistances versus the magnetic field

for XX and XY Onsager pairs at T = 1.4 K. For completeness, Fig. C.7 shows the raw
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Figure C.6: Temperature dependence of the resistance for the (a) XXOnsager pairs and
(b) XY Onsager pairs.

resistances versus the magnetic field for these Onsager pairs at temperatures 1.4 K, 40

K, 80 K, 160 K, 240 K and 300 K. We also show the data at 15 mK during a separate

cooldown in a dilution refrigerator in Fig. C.10. The same AHE is observed, and is

overlayed with data shown in Fig. 4(a) of the main text which were taken in a variable

temperature insert (VTI) at the National High Magnetic Field Laboratory (NHMFL).

Figure C.7: Raw resistances versus the magnetic field for (a, b) the XY Onsager pairs
and (c, d) the XX Onsager pairs.
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Figure C.8: Resistances versusmagnetic field of the anti-symmetrizedXYOnsager pairs,
including the 15 mK data taken during a separate cooldown.

C.5 Multi-Carrier Model for the Hall and Longitudinal

Resistances

While a single valley system can potentially explain the field-independent ρxx [13]

observed in our work, this would lead to a Hall coefficient that is unreasonably small

(for example 0.00106(13) Ω T−1 at 1.4 K). In addition, bulk bismuth is also known to

host both electron and hole pockets [14, 15], and as a result a multi-carrier model can

only exhibit a featureless ρxx at high magnetic fields when the carrier concentrations

are different, i.e. when n 6= p [13]. This occurs when the field strength exceeds a

characteristic field

B? =
nν + pµ

|n− p|µν
, (C.1)

where n, p are the electron and hole concentrations and ν, µ are the electron and hole

mobilities. When |B| ≤ B?, a B2 dependence [13] is nevertheless expected, and this is

clearly not observed in the data presented in Fig. 3(f) of the main text. Furthermore,

we note that it is not possible to fit the parameters mentioned above, because of the

complete lack of explicit dependence on the magnetic field for ρxx, and therefore this

is uncharacteristic of two carrier types that would be contributing to the electronic

transport. We therefore believe that a more elaborate model is required to understand

and explain both the longitudinal resistivity that shows no sign of magnetoresistance as

well as the AHE observed in our work.
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C.6 Effect of Diamagnetism of Bismuth

Since bismuth is diamagnetic, it induces an opposingmagnetizationM proportional

to the external applied field µ0H given byM = χH where χ is the magnetic suscepti-

bility. The effective field B is then

B = µ0H + µ0M = µ0H(1 + χ).

In bismuth, as seen in Fig. C.9, χ depends on temperature and crystal direction. For

temperatures below 300 K,

−2.4× 10−4 < χ < −1.3× 10−4,

which gives,

0.99976 < 1 + χ < 0.99987.

This small correction factor means that any modification taking into account the differ-

ence between the external and effective field falls within the noise of our signal.

Figure C.9: The angular and temperature dependences of the diamagnetism of bismuth.
Data digitized from Otake et al. [4].
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C.7 Extraction of the Hall coefficient and Anomalous

Hall Resistance

The anomalousHall resistance is defined as the zero-field intercept ofRxy. To obtain

this value, we fit the saturated part of Rxy ( |B| > 2 T) and average the absolute values

of the intercepts as shown in Fig. C.10 for T = 1.4 K, i.e.

RAHE =
0.147(1) + 0.146(1)

2
= 0.146(2) Ω,

where the errors are quoted from the linear regression fits and shown in parentheses.

From the slopes fitted in Fig. C.10, we average the two slopes to find the Hall coefficient

provided the main text, i.e.

RH =
0.00099(6) + 0.00114(7)

2
= 0.00106(13) Ω T−1.

The same process was then repeated at all other temperatures chosen to perform the

electronic transport measurements.

C.8 Scaling of the Anomalous Hall Effect

Given the non-trivial geometry in our transport device, it is challenging to extract

confidently the geometric factor required to convert resistance to resistivity and conduc-

tance to conductivity. However, it can be observed in Fig. 3(c, f) of the manuscript that

ρxx � ρxy, and in this regime, the intrinsic anomalous Hall resistivity ρintAHE is expected

to scale with ρ2
xx [5, 6], i.e.

ρAHE = askρxx + bρ2
xx, (C.2)

where the first term provides the skew-scattering contribution and the second term is

the intrinsic contribution to the AHE. However, in some situations, the literature states

that phonons can be neglected and in such case, the AHE conductivity can be written
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Figure C.10: Extraction of the Hall coefficient and RAHE from Rxy(B). The linear fits
are restricted to the range |B| > 2 T. The fitted results are shown in the graph with the
errors from the linear regression shown in parenthesis.

Figure C.11: (a)The departure from a linear ρAHE/ρxx versus ρxx indicates that Eq. (C.2)
most likely does not apply in our case (see text below). The dashed gray line is a guide
for the eye. (b) The linearity (with the linear fit shown by the gray line) of σAHExy vs σ2

xx

confirms the validity of Eq. (C.3).

as [6]

− σAHE = (ασ−1
xx0 + βσ−2

xx0)σ2
xx + σint, (C.3)

121



Appendix C. Supplemental Information: Observation of Temperature Independent
Anomalous Hall Effect in Thin Bismuth from Near Absolute Zero to 300 K

Temperature

where α and β are coefficients for the skew-scattering and side-jump mechanisms re-

spectively, σxx0 is the residual conductivity and σint is the intrinsic anomalous Hall con-

ductivity. In the spirit of not knowing the geometric factor for converting resistance

to resistivity and then to conductivity, we can circumvent the verification of Eq. (C.2)

and Eq. (5.2) in their normalized forms by dividing the 300 K data, as is shown in

Fig. C.11. In particular, the normalized ρAHE/ρxx versus ρxx is shown in Fig. C.11(a),

and a clear deviation from linearity is observed with this formalism. Moreover, the fact

that ρAHE/ρxx decreases with increasing ρxx implies that Eq. (C.2) does not model well

our data. In contrast, Fig. C.11(b) shows that the normalized σAHExy scales linearly with

the normalized σ2
xx, indicating that Eq. (C.3) is a better model for the AHE observed in

bismuth. Importantly, this shows that phonons induce a negligible effect on the skew-

scattering term. In future works, when the resistivities will be confidently extracted, this

model will allow us to quantify the intrinsic contribution of the AHE, and as such, the

AHE observed in bismuth most likely emanates from an intrinsic mechanism related

to a Berry curvature.

C.9 Temperature Dependence of the Anomalous Hall

Resistivity

In Fig. C.12, we normalize the change in RAHE defined by

∆RAHE

RAHE(300 K)
≡ RAHE(T )−RAHE(300 K)

RAHE(300 K)
,

and plot it versus the temperature to compare to other elemental materials also in the

good-metal regime [7]. Note that the ρAHE of these materials was reconstructed from

the tensor relation ρ̂ = σ̂−1. In our experiment, the sample was mounted on a rotat-

ing probe that is prone to a slight uncertainty in the angle which was estimated to be

∆θ ≈ 5◦. From the angular dependence shown in the section below, the error bars from

this angular uncertainty were then estimated for the bismuth data shown in Fig. C.12.

We emphasize that our RAHE is extremely insensitive to temperature variations even
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Figure C.12: The change in anomalous Hall resistance in our bismuth device compared
with other elemental films also in the good-metal regime [7]. The uncertainty in our
data is due to a uncertainty in the alignment of the magnetic field and the sample’s plane.
Within the observed noise and errors, the data shows negligible temperature dependence
in the AHE from 1.4 K to 300 K.

compared to the materials shown in Fig. C.12 which are believed to exhibit the intrin-

sic type of the AHE. Such temperature independence is also reminiscent of the QAHE

whose resistance is quantized to h/e2 at temperatures below a critical temperature TC .

Curiously, bismuth has recently been reported to be a higher order topological insula-

tor [8,9] and a Weyl semi-metal [10], and we note that both are systems that can exhibit

the AHE and the QAHE [11, 12].

C.10 Resistance Uncertainty due to Angular Alignment

The angle of the magnetic field with respect to the device was varied between 0◦ and

90◦ by rotating the chip carrier on the probe of the variable temperature insert (VTI)

(see Fig. 2(d) of the main manuscript) while keeping the direction of the magnetic field

fixed. We define 0◦ when the magnetic field is entirely perpendicular to the device that

is in the (111) direction of the thin bismuth. As the angle θ is varied, upon reaching

90◦, the magnetic field is entirely in the plane of the Si/SiO2 substrate and hence our

device. A schematic of the sample rotation with respect to the magnetic field is shown

in the inset of Fig. C.13.
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Figure C.13: Resistance versus the magnetic field for the XY1 configuration at 300 K.
This angular dependence is used to estimate the error bars due to angle misalignment in
Fig. C.12.

In the XY configuration 1, the Hall signal is measured at 300 K between 0 T to 30

T and for angles 0◦ ≤ θ ≤ 90◦. The obtained curves are plotted in Fig. C.13. Note

that due to the larger noise present at 300 K of the other XY configuration, we show

the raw data that is not anti-symmetrized. However, the longitudinal resistance Rxx is

field-independent (see Fig. 4 of the main manuscript), and the XY configuration 1 alone

captures the essence of the Hall trend despite the mixing between Rxy and Rxx.

Finally, since the error bars in Fig. C.12 are dominated by the uncertainty in the

angle, we can use Fig. C.13 to estimate the uncertainty inRAHE . Focusing on θ = 0◦ and

θ = 15◦, we estimate the change in the anomalous Hall resistance to be 0.001 Ω/ deg.

This was then used to calculate the error bars in Fig. C.12.
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D
Supplemental Information: Device

fabrication and its challenges

The exfoliation process described in Chapter 3 produced bismuth flakes across a

wide range of thicknesses. The thinnest observed flake measures 2 nm, but the thicker

flakes can easily exceed 100 nm and sometimes reach the micrometer range. This vari-

ability necessitates manual selection of the desired flakes for device fabrication, a process

that can be both time consuming and labor intensive. The first step of the fabrication

is to select the flakes visually, as their thickness affects their optical appearance on the

substrate. However, very thin flakes become less visible, which prompted us to address

the bismuth flakes’ visibility and contrast optimization for the exfoliation process in

Appendix A.

Anecdotally, with a pair of trained eyes one can easily spot flakes under 100 nm.
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Figure D.1: (left) 100x magnification optical image showing a small bismuth flake, the
micro-trenches and alignment marks. (right) a post fabrication device in the Hall bar
geometry.

These candidates are then sent for AFM scanning, which serves two purposes: deter-

mining the exact thickness of the flakes and detecting any potential defects. This fur-

ther refines the selection of flakes suitable for device fabrication. Once the flakes that

are fit for patterning are identified, the substrate is spin-coated with PMMA. The exact

thickness and type of PMMA are not critical, as long as it adequately covers the flakes,

typically a few times thicker than the flakes themselves. We have also experimented with

adding a second layer of methyl methacrylate (MMA) copolymer to facilitate the lift-off

process. However, as we will discuss later, the use of MMA presents certain challenges.

It is important to capture the optical images of the flakes after spin-coating, as the

process can occasionally shift the positions of the flakes. Note that the substrate con-

tains alignment marks, which are crucial because the flakes are small, requiring the EBL

pattern for the contacts to be aligned with high precision. This necessary precision

is why the use of MMA has been avoided, as it increases the overall thickness of the

photoresist, reducing the visibility of the alignment marks under the scanning electron

microscope (SEM). An example of these alignment marks is shown in the left panel of

Fig. D.1.

An automated software was developed to align each flake with the alignment marks.

This process involves importing the optical image taken at 100x magnification, identi-
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fying the coordinates of the alignment marks, and tracing the contour of the flake. The

design is then exported as a GDSII/CSF file for further processing. Since each flake

varies in size and location, the pattern design must be customized for each individual

flake.

The EBL is carried out in two stages: first, a small aperture is used to achieve high

precision for the fine features near the flake; then, to save time, a larger aperture is used

to draw the contact pads, which will later be used for soldering. A standard recipe is

followed for resist development, and the substrate is swiftly transferred to the metal

deposition machine. This step must be done quickly to minimize the risk of flake oxi-

dation.

Metal deposition is performed using a standard Ti/Au recipe, as discussed in previ-

ous manuscripts. The sample is then returned to the glovebox for lift-off using acetone,

to prevent the bismuth flakes from coming into contact with air and humidity. De-

pending on how the lift-off progresses, an ultrasonic bath may be used briefly, typically

for just a few seconds, to facilitate the process. Finally, another layer of PMMA is spin-

coated onto the substrate as a protective cap layer before the sample is taken out of the

glovebox for transport measurements. An optical image of the device after fabrication

is shown in the right panel of Fig. D.1.

The resulting devices are first characterized on a probe station to measure two-point

contact resistances and check for leakage. The yield success rate is low, as the devices

often suffer from high contact resistance and leakage issues. Many ultra-thin devices

exhibit high contact resistances, often in the tens of megaohms, and display Schottky

behavior. Additionally, they frequently showunstable I-V characteristics. While current

annealing can improve stability, the results remain inconsistent.

The promising devices are then mounted on G10 headers, with the pads leading

to the devices soldered to the pins of the mount. Initially, a wirebonding technique

was used, but many devices experienced gate leakage. A systematic test on raw micro-

trench substrates revealed that wirebonding significantly contributes to this leakage,
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likely due to the degradation of the SiO2 layer. This degradation is possibly caused by

the RIE process during the micro-trench fabrication, as well as the mechanical stress

from pressing bulk bismuth crystals against the substrate during exfoliation. To address

this issue, the wirebonding process was replaced with indium soldering, which resulted

in a higher device yield. As such, this concludes the fabrication and characterization

process, and the devices are now ready for transport measurements.
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